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Chapter 1

Unit 5: Exponential Functions and
Equations

1.1 Section A: Growing and Shrinking

This section establishes the bedrock framework of exponential change. Through geometric sequences,
multi-representational modeling, and radical mappings, it demonstrates that exponential functions scale by
equal factors over equal intervals. This foundational concept applies uniformly across integers, continuous
variables, and fractional domains.

1.1.1 Lesson 1: Growing and Shrinking
1. Core Mathematical Concepts

An exponential growth or decay process is characterized by a quantity changing by a constant multiplier
over regular, uniform intervals of time or indexing steps. This constant multiplier is formally defined as the
growth or decay factor.

Equal Multiplicative Growth Over Equal Intervals

If a variable quantity y changes exponentially as a function of discrete steps n, the ratio of consecutive

outputs remains invariant:
Yn+1 _ b

Yn
Here, a represents the initial value (y-intercept at n = 0) and b represents the constant factor. If b > 1,
the function models geometric expansion; if 0 < b < 1, the function models exponential decay.

= yp=a-b"

L

2. Classical Instructional Frameworks

e« The Microscopic Fission Sequence: Modeling a bacterial culture that expands predictably. If a
population starts at 10,000 units and doubles every day, the population on day n progresses via the
geometric progression: 10,000 - 2™.

e The Geometric Photo-Reduction Paradigm: Successive applications of a linear scaling factor.
Reducing a photo’s dimensions to 80% of its previous value multiple times builds the explicit structural
decay chain: y = a - (0.80)".
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» Concept Check — Lesson 1 Practice

1. Select all sequences from the options below that conform to a strict geometric progression:

A.2,4,7,11,. ..
1

B. -,1,3,9,...
37 b Y

C. 1,000, 200, 40,8, ...

2. A fast-growing species of lake algae doubles its total surface coverage area every 24 hours. If the
lake is projected to be completely covered on May 24, determine the exact calendar date on which
the lake is precisely halfway covered. Show the deductive reasoning supporting your conclusion.

1.1.2 Lesson 2: Representations of Growth and Decay
1. Core Mathematical Concepts

To analyze real-world phenomena comprehensively, exponential functions must be mapped fluidly across
four equivalent systems: verbal descriptions, data tables, analytical graphs, and algebraic equations.

Translating Percentage Fluctuations into Base Factors

A percentage change rate r cannot be used directly as the base factor b. It must be structurally converted
according to the directional behavior of the system:

o Exponential Growth: b =1+ r (where r is the decimal rate of increase)

o Exponential Decay: b =1 —r (where r is the decimal rate of decrease)
On a Cartesian coordinate plane, an increasing exponential curve bends upward with a strictly acceler-
ating first derivative, whereas a decaying curve is concave up and approaches the horizontal asymptote
y=0.

& J

2. Classical Instructional Frameworks

¢ The Linear Asset Amortization vs. Depreciation Trap: Evaluating an automotive asset bought
for $40,000 that depreciates at a rate of 15% annually. The balance is tracked over time via V(t) =
40,000 - (0.85)%, showing a smooth curve rather than a fixed linear drop.

» Concept Check — Lesson 2 Practice

1. The annual tuition cost at a private university is modeled by the function c(t) = 30,000 - (1.04)%,

where t is the number of years elapsed since 2012.
(a) State the explicit real-world meaning of the parameters 30,000 and 1.04.
(b) Calculate the exact cost of tuition predicted by the model for the year 2015.

2. A suburban house is purchased for $170, 000 and its value compounds exponentially at an annual
appreciation rate of 5%. Write the complete functional equation V() representing the value of the
home after ¢ years, and prove whether the asset valuation will exceed $500,000 after a duration of
30 years.
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1.1.3 Lesson 3: Understanding Rational Inputs
1. Core Mathematical Concepts

Exponential functions are continuous across the real number line, extending beyond integer steps. To
evaluate fractional step inputs structurally, we apply the foundational definitions of radical exponents.

Radical Extensions for Fractional Steps

If an exponential function scales by a factor of b over one full interval unit, its step-by-step evolution
across a fractional index x = % requires a sub-factor k such that compounding it n times yields b:

Consequently, evaluating an input of z = 7 yields the composite form a - bn =a- Ybm.

.

\

2. Classical Instructional Frameworks

e The Sub-Interval Scaling Paradigm: Suppose the area of a pond covered by weeds doubles exactly
every week, modeled by A(w) = ag-2*. To determine the daily growth dynamics, since 1 day represents
exactly % of a weekly interval, the daily multiplier must be defined as v/2 ~ 1.0905, showing an
approximate 9.1% daily increase.

» Concept Check — Lesson 3 Practice

1. Identify all valid solutions to the polynomial equation p-p-p = 10 from the analytical expressions
provided below:

1
A.105 B. V10 C. go D. 103

2. An environmental remediation project tracks an industrial spill in a lake. The volume of the
contaminant decays exponentially, modeled by V(h) = 12 - (0.0625)", where h represents the
tracking duration in hours. Evaluate the remaining contaminant volume at h = % hour and h = %
hour without utilizing decimal roundings.

,
\

1.1.4 Lesson 4: Representing Functions at Rational Inputs
1. Core Mathematical Concepts

When dealing with physical processes that naturally occur over multi-unit blocks of time—such as half-
lives or multi-year investment cycles—the algebraic structure of the exponent must be normalized against a
standard reference unit.

The Normalized Rational Exponent Equation

If a physical material has an explicit characteristic interval or half-life duration of H standard time units,
the number of compounding cycles that occur over a total elapsed time ¢ is expressed by the rational
ratio % The explicit tracking function is written as:

T

f(t) = Ao - (b)

where b is the scale factor associated directly with the completion of that specific cycle block.

.

\
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2. Classical Instructional Frameworks

o The Radioactive Decay Model: Cesium-137 exhibits an exact half-life of 30 years. If an initial mass
t
of 100 grams is stored, the residual mass remaining after ¢ years is modeled by ¢g(¢) = 100- (%) 30 If time

is measured instead in discrete 30-year blocks denoted by 7', the equation simplifies to f(7") = 100- (%)T

» Concept Check — Lesson 4 Practice

1. A sample of Uranium-235 has an established radioactive half-life of approximately 704 million
years.
(a) Formulate a continuous function M (t) tracking the residual mass of an initial 1-gram sample
after ¢t million years have elapsed.
(b) Determine the total number of years required for an 8-gram sample of Cobalt-60 (half-life of
5.27 years) to decay down to a residual mass of exactly 1 gram.
2. The total workforce of a commercial enterprise grows exponentially by 10% each year. Determine
the precise monthly growth factor required by this corporate model to ensure complete mathemat-
ical equivalence over a full 12-month cycle.

1.1.5 Lesson 5: Changes Over Rational Intervals
1. Core Mathematical Concepts

A defining feature of any exponential model is its structural invariance: the function outputs scale by
identical multipliers across identical interval widths, regardless of where those intervals are anchored along
the domain.

Rigorous Proof of Interval Invariance

Let f(z) = a-b". Consider an arbitrary starting input coordinate x = g and shift it by a fixed rational
increment Ax = A. The ratio of the shifted output to the baseline output is completely independent of
q:
flg+A)  a- b2 A _
flg a0
This demonstrates that shifting an input by any constant fraction A scales the corresponding output by
the invariant multiplier b2.

\ J

2. Classical Instructional Frameworks

e The Invariant Multiplier Matrix: A commercial machine depreciates exponentially. Its value drops

from an initial $16,000 to exactly $13,600 at Year 1. The annual scaling factor is }2’888 = 0.85. The

model guarantees that the multiplier across any half-year step (A = 0.5) is consistently 1/0.85 ~ 0.9220,
whether scaling from Year 0 to 0.5 or from Year 1.5 to 2.
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» Concept Check — Lesson 5 Practice

1. An exponential revenue tracking system records a baseline value R(0) = $72,000 at launch and a
value R(3) = $90,000 at month 3.

(a) Determine the precise monthly scaling factor for this business model.

(b) State how to analytically compute the output at month 4 (R(4)) directly from the calculated
output at month 1 (R(1)).
2. A colony of 100 bacteria is cultivated in a petri dish. The population triples every 6 hours.
Calculate the exact growth factor that operates over a 1-hour interval, and evaluate whether the
population reaches exactly 900 bacteria after 12 hours have elapsed.

1.1.6 Lesson 6: Writing Equations for Exponential Functions
1. Core Mathematical Concepts

An exponential function of the form f(z) = a- " is uniquely determined by any two distinct input-output
pairs (x1,y1) and (z2,y2). Solving for these parameters requires isolating the base factor through fractional
exponents.

Algebraic Extraction of Parameters from Intercept Gaps

To determine the explicit equation constraints from two coordinates:

1. Construct the Ratio System: Create a system of two equations: y; = a - b** and yo = a - b*2.
Divide the equations to eliminate the initial scalar a:
y2  a-b™

L2 —T]

y1 a-bm
2. Isolate the Base Factor: Extract the true value of b by applying a reciprocal exponent to the

output ratio:
1

o <y2) =i
U1

3. Extract the Scalar Initial Value: Substitute the isolated base b back into either coordinate
equation to isolate a = 4.

2. Classical Instructional Frameworks

o The Fractional Gap Graph Challenge: Finding the equation of a curve that passes through (0, 64)
and (0.5, 38.4). Because the y-intercept is given, the vertical scalar is immediately identified as a = 64.
The base factor is isolated via 64 - %% = 384 = "% = 0.6 = b = (0.6)?> = 0.36, yielding the
explicit equation f(x) = 64-(0.36)".

» Concept Check — Lesson 6 Practice

1. Determine the values of the parameters a and b for the exponential model g(z) = a-b* if its curve
passes through the coordinates (0,10) and (1.5,1.25). Show all intermediate algebraic steps.

2. An exponential function f(z) contains the points A = (4—1“ 3) and B = (%,4.5). If point C lies on
the same curve and possesses an x-coordinate of 71, compute its exact y-coordinate.
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1.1.7 Lesson 7: Interpreting and Using Exponential Functions
1. Core Mathematical Concepts

Applying exponential functions to real-world scenarios requires a precise understanding of chronological
tracking terms, dimensional scaling factors, and measurement unit conversions.

Chronological Scale Conversions

When translating an equation between different time scales (e.g., matching years to days, or decades
to centuries), the inner variable input parameter must be linearly transformed to preserve the physical
behavior of the model: ) .,

[ =a-®)F = g(d)=a- (@)

This systemic modification alters the base factor mapping while maintaining perfect equivalence at any
given point in time.

&

\

2. Classical Instructional Frameworks

e« The Radiocarbon Dating Paradigm: Carbon-14 possesses an established half-life of 5, 730 years.
If a tree fossil contained 4.2 picograms of Carbon-14 when it died and currently registers exactly 0.5

o
picograms, scientists apply the model 0.5 = 4.2 - (%) 5730 to compute the exact time elapsed since the
organism ceased carbon exchange.

» Concept Check — Lesson 7 Practice

1. An ancient bone artifact is discovered to contain 9.8 milligrams of Nickel-63 when first evaluated.
Given that Nickel-63 has a characteristic half-life of exactly 100 years:
(a) Formulate an equation representing the remaining substance mass as a function of time ¢ in
years.
(b) Formulate a modified equivalent equation representing the remaining substance mass as a
function of time d in days (assume exactly 365 days per year).
2. The total population of a city is tracked by the decade-based equation p(d) = 100,000 - (1.3)%,
where d represents the number of decades elapsed since 1970.
(a) Interpret the physical meaning of the values 100,000 and 0.3 within this context.
(b) Construct an equivalent equation f(y) that tracks the population as a function of years y
since 1970.
(c) Construct an equivalent equation g(c) that tracks the population as a function of centuries ¢
since 1970.

,
\
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1.2 Section B: Missing Exponents

This section introduces the mathematical necessity of the logarithm, transitioning from calculating the
outcomes of exponential change to isolating the operational durations or scaling indices required to meet
specific system thresholds. It formalizes the structural equivalence between exponential and logarithmic
configurations across multiple bases.

1.2.1 Lesson 8: Unknown Exponents
1. Core Mathematical Concepts

In standard algebraic systems, isolating an unknown variable depends on inverse operations. When a variable
exists as an exponent (e.g., b* = ¢), standard polynomial operations like radicals or division fail to isolate
it.

The Threshold-Seeking Constraint

When evaluating a system modeled by y = a - b, we frequently need to solve for the input parameter x
given a target boundary value y = Y. This requires solving the equation:
=L
a
When % is an integer power of b, the value of x can be found immediately by matching bases. When it
is a non-integer value, x must be bounded between two consecutive integers using numerical estimation.

- J

2. Classical Instructional Frameworks

e The Geometric Fission Threshold: A bacterial population begins at 10,000 cells and triples every
hour, modeled by p(h) = 10,000 - 3". To find when the population reaches exactly 100,000 cells, we
must solve 3" = 10. Because 3> = 9 and 3% = 27, the duration h can be estimated to be slightly
greater than 2 hours.

e« The Discrete Fractal Decomposition Step: A geometric pattern decomposes a trapezoid into
smaller, similar structures. If step n produces 4™ small shapes, finding the step k that contains exactly
262, 144 shapes requires solving 4F = 262, 144, which yields an exact integer step of k = 9.

» Concept Check — Lesson 8 Practice

1. A prime investment of $1,000 compounds value exponentially at an annual interest appreciation
rate of 5%, modeled by V(¢) = 1,000 - (1.05)".
(a) Set up the explicit exponential equation required to determine the exact number of years it
will take for the investment valuation to double.
(b) Estimate the value of ¢ to the nearest whole year using numerical bounding.
2. Using the provided graph of the base-3 exponential function y = 3%, identify the two consecutive
whole numbers that bound the solution to 3% = 10,000. Explain your reasoning.

12
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1.2.2 Lesson 9: What Is a Logarithm?
1. Core Mathematical Concepts

A logarithm is the explicit mathematical inverse of an exponential function. It extracts the precise exponent
required to raise a given base to a target value.

Formal Definition of the Logarithm (Base 10)

For any strictly positive real number z, the base-10 logarithm represents the exact exponent p that
satisfies the equation 107 = z:
p=logy(zr) <= 10P==x

In general mathematical notation, when a logarithm is written without an explicit subscript base (e.g.,
log(x)), it is assumed to be the common logarithm, which uses base 10.

.

2. Classical Instructional Frameworks

« The Non-Integer Exponent Mapping: Solving the equation 10?7 = 250. Since 10> = 100 and
102 = 1,000, the exponent p lies between 2 and 3. Written as an exact value, p = log;((250). Using a
base-10 logarithmic reference table, this value can be approximated as 2.3979.

» Concept Check — Lesson 9 Practice

1. Evaluate the following common logarithmic expressions manually without a calculator:
(a) logy(10,000)
(b) log;((0.01)
(<) Togio (1)

2. A base-10 logarithm lookup table states that log;,(50) ~ 1.6990.

(a) Explain why it is mathematically logical for this value to fall between the integer bounds of
1 and 2.
(b) Use this value to find the approximate solution to the exponential equation 10¥ = 50.

,
\

1.2.3 Lesson 10: Interpreting and Writing Logarithmic Equations
1. Core Mathematical Concepts

The inverse relationship between exponentials and logarithms applies universally to any valid operational
base b, where b > 0 and b # 1.

The Generalized Inverse Structural Equivalence

Any exponential relationship can be mapped directly into an equivalent logarithmic equation, and vice
versa, by preserving the structural roles of the base, the exponent, and the resulting argument:

W=z <<= log(z)=y

Because an exponent can be any real number, the output of a logarithm can be negative when its

argument is a fraction between 0 and 1 (e.g., 273 = % <~ log, (%) = -3).

\

N
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2. Classical Instructional Frameworks

e The Binary Logarithmic Sequence: Evaluating data systems using base 2. In computer science
or cell fission models, we use the table mappings of log, (). For example, if 2¢ = 70, the exact solution
is isolated by writing it in its logarithmic form: y = log,(70).

» Concept Check — Lesson 10 Practice

1. Convert each equation into its equivalent structural form (convert exponential to logarithmic, or
logarithmic to exponential):

(a) 92 =3
(b) logs(81) =4
(c) 2 =15

(d) log, (%) = -3
2. Solve the following basic multi-base logarithmic problems for the unknown structural variable b or
a5
(a) log,(144) =2
(b) log;(64) =3
(c) logy(x) =6

1.2.4 Lesson 11: Evaluating Logarithmic Expressions
1. Core Mathematical Concepts

Evaluating a logarithmic expression requires identifying the exponent needed to produce the argument from
the given base. When exact integer powers do not match, we apply numerical interpolation using known
landmark values.

Landmark Numerical Interpolation

To evaluate an expression like log;;(980) without advanced computation:
1. Identify Power Bounds: Determine that 102 = 100 and 103 = 1,000. Thus, 2 < log;,(980) < 3.
2. Proximity Analysis: Since 980 is significantly closer to 1,000 than to 100, the logarithmic output
must be heavily weighted toward 3. This lets us estimate log;;(980) ~ 2.99, which can then be
verified using technology.

.

2. Classical Instructional Frameworks

e« The Misconception of Linear Midpoints: Students often assume that logarithms scale linearly.
For example, a student might argue that log;,(55) = 1.5 because 55 is the arithmetic midpoint between

10 and 100. This is incorrect because 10'° = v/103 = /1,000 ~ 31.62. This demonstrates that
exponential midpoints do not match linear midpoints.

14
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» Concept Check — Lesson 11 Practice

1. Select all mathematical expressions from the options below that evaluate to a value exactly equiv-
alent to log,(8):

A. log;(125)
B. log;,(100)
C. logo(1,000)
D. logs(27)

2. Determine which expression has a greater numerical value without using a calculator, and explain

your reasoning:
1 1
logq 100 vs. log, 3

15
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1.3 Section C: The Constant e

This section explores the structural mechanics of continuous growth models. It introduces the natural
base, e, an irrational constant that underpins calculus and thermodynamics. By shifting from discrete
intervals to constant compounding at every moment, this section shows how the natural logarithm provides
an exact, non-approximated tool for isolating continuous temporal parameters.

1.3.1 Lesson 12: The Number e
1. Core Mathematical Concepts

The mathematical constant e—often called **Euler’s number**—is an irrational value approximately equal
to 2.71828. It naturally emerges as the limiting value of a compounding growth process as the frequency of
compounding periods approaches infinity.

The Limiting Definition of Euler’s Number

Consider a baseline asset growing at a 100% nominal rate over a single unit of time, divided into x
compounding periods. The final compound multiplier is given by the function g(z) = (1 + %)x As the
frequency x increases without bound (z — 00):

T—00

1 x
lim <1 + ) =e~ 2.718281828. ..
T

Because e is irrational, its decimal representation never terminates and cannot be accurately captured
as a simple rational fraction.

\ J

2. Classical Instructional Frameworks

o The Continuous Compounding Limit: Exploring different investment options for $1 at a 100%
nominal annual interest rate over one year. Compounding annually yields (1 + 1)! = $2.00; com-
pounding monthly yields (1+ ;)2 ~ $2.61304; compounding daily yields (1 + 5i=)3%% ~ $2.71457. As
compounding periods increase, the value approaches an absolute upper bound capped precisely at $e.

e The Unbounded Biological Expansion Model: Tracking a fast-growing organic patch of mold
on a basement wall with a baseline surface area of 10 cm?. Its growth over time is modeled using the
natural base function a(t) = 10 - e’.

18
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» Concept Check — Lesson 12 Practice

1. Arrange the following mathematical expressions in order from least to greatest value without using
a calculator:

e? 2¢ e 2e e3
2. Suppose three specific equations are plotted on a Cartesian coordinate grid: Graph 1 represents
f(z) = 2%, Graph 2 represents g(z) = e*, and Graph 3 represents h(z) = 3.
(a) Explain how to visually match each function to its corresponding curve based on its growth

rate.
(b) Analyze the graph of the function f(z) = 100 - e~* and determine whether its output values
can ever equal exactly zero.

1.3.2 Lesson 13: Exponential Functions with Base e

1. Core Mathematical Concepts

Exponential functions that utilize base e are widely used to model continuous real-world phenomena, where
changes occur smoothly at every split second rather than in discrete, staggered intervals.

The Continuous Growth Structure

An exponential function tracking continuous change is expressed in the standard form:
fey="pP-e"

where P represents the initial value of the function at ¢ = 0, and r represents the **continuous growth
or decay rate™* per unit of time. If » > 0, the system undergoes continuous expansion; if r < 0, the
system undergoes continuous decay. The value e” represents the equivalent growth factor for one full
unit of time.

2. Classical Instructional Frameworks

e Continuous vs. Discrete Modeling: Comparing two different insect population models that share
an identical starting size of 9,000 cells. Model P uses a discrete monthly growth rate: P(t) = 9-(1.02)".
Model Q uses a continuous growth profile: Q(¢) = 9-e%0%. While their curves track closely over short
durations, they diverge over longer periods because continuous compounding applies growth at every
moment.
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» Concept Check — Lesson 13 Practice

1. The total population of a historical town is modeled by the function f(t) = 42 - €?915¢ where the
output is measured in thousands of people and ¢ represents the number of years elapsed since 1950.
(a) Identify the baseline population of the town in the year 1950.
(b) State the approximate annual continuous percentage growth rate of this population.
(c) Calculate the estimated population in the year 1960 according to this model.

2. A corporate revenue model is initialized with a starting valuation of $395,000. Identify which of
the following equations accurately predicts an annual growth rate of exactly 1.2%:

R(t) =395 - %012 or S(t) =395 (1.012)*

Explain the mathematical distinction between these two functional forms.

,
\

1.3.3 Lesson 14: Solving Exponential Equations
1. Core Mathematical Concepts
To solve an exponential equation with base e, we use its explicit inverse operation: the **natural logarithm**.

The Natural Logarithm Definition

The natural logarithm is the logarithm with base e, written as In(z) or log.(x). It outputs the exact
exponent to which e must be raised to produce the argument x:

y=In(z) <<= e =z

Because they are inverse operations, applying the natural logarithm directly isolates a variable locked
in an exponent with base e: In(e™) = rt.

\

.

2. Classical Instructional Frameworks

« The Continuous Isolation Sequence: Solving the exponential equation 5 - 3% = 90. First, isolate
the exponential base by dividing both sides by 5, which yields e3* = 18. Next, convert the equation
into its equivalent logarithmic form to clear the base e: 3a = In(18). Finally, isolate the variable to

find the exact analytical solution: a = @.

» Concept Check — Lesson 14 Practice

1. Completely solve each equation for the isolated variable parameter without using a calculator,
leaving answers in exact logarithmic notation where necessary:
(a) 2-€* =16
(b) 10 - €3 = 250
(c) -10972=10.25
2. Write two mathematical equations—one in logarithmic form and one in exponential form—that
represent the statement: "The natural logarithm of 10 is equal to y.”

r
\
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1.4 Section D: Logarithm Rules

This section formalizes the operational mechanics of logarithmic expressions. By mapping the founda-
tional properties of exponents onto logarithmic structures, it derives the product, quotient, and power laws
of logarithms. Additionally, it establishes the Change of Base formula to enable numerical evaluation via
standard bases.

1.4.1 Lesson 15: Logarithm Product Rule
1. Core Mathematical Concepts

The **product rule for logarithms™* demonstrates that the logarithm of a product of two positive numbers
is equal to the sum of the logarithms of those separate structural factors.

Derivation of the Logarithmic Product Law

Let 8 = U and ¥ = V. Converting these relationships into equivalent logarithmic notation yields
x = logy(U) and y = log, (V). Multiplying the original exponential expressions together, we apply the
law of common bases:

U-V=b" = b

Converting this new product equation back into its corresponding logarithmic form isolates the combined
exponent:
log,(U-V)=x+y

Substituting the initial definitions of x and y completes the formal algebraic proof:
logy (U - V) = log,(U) + logy (V)
This property shifts a multiplication operation inside the argument into a simple addition operation

outside the base system.

. J

2. Classical Instructional Frameworks

e The Linear Condensation Paradigm: Simplifying split terms into a unified expression. Given the
sum logg(12) + logg(3), applying the product law yields logg(12 - 3) = logg(36). Since 62 = 36, the
expression evaluates exactly to 2.

e The Scale Deconstruction Trap: Expanding an expression to use known values. If students are
given the decimal approximations log;,(3) ~ 0.4771 and log,,(7) ~ 0.8451, they can evaluate log;,(21)
by expanding it as log(3 - 7) = log(3) + logo(7) = 0.4771 + 0.8451 = 1.3222.
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» Concept Check — Lesson 15 Practice

1. Condense the following multi-term sums into an equivalent expression involving a single isolated
logarithm:
(a) logs(6) + logs(12)
(b) In(5) + In(7)
(c) logyo(2) + logy9(9)
2. Condense the expression below into a single logarithm, and calculate its exact mathematical value
without a calculator:

8
log,(6) + logs (3)

3. Select all logarithmic expressions from the options below that evaluate to a value exactly equivalent
to log((60):

20) + log((40)
3) + log;(20)
4) + logy(15)
6) + log(10)

A. ].Oglo
B. ]'Ogl()
C. logyg

A~~~ N TN/

D. loglo

1.4.2 Lesson 16: Logarithm Quotient Rule
1. Core Mathematical Concepts

The **quotient rule for logarithms™* mirrors the subtraction law of exponents, stating that the logarithm
of a fraction is equal to the difference between the logarithm of the numerator and the logarithm of the
denominator.

Formal Algebraic Proof of the Quotient Law

Let b* = U and ¥ = V, which implies = = log;(U) and y = log; (V). Setting up the ratio of these two
parameters requires dividing the exponential bases:

u b

Vo w

— oY

Converting this division outcome into its equivalent logarithmic structure isolates the subtracted expo-

U
logy, (V) =zr—Yy

Substituting the initial values of z and y defines the continuous quotient law:

nents:

log;, (g) = log;(U) — log, (V)

S

2. Classical Instructional Frameworks

« The Decadic Ratio Condensation: Evaluating logarithmic drops. Given the difference log;(12) —
log,(0.12), rewriting this as a quotient yields log;, (01%) = log;((100). Because 10? = 100, this
expression evaluates exactly to 2.
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» Concept Check — Lesson 16 Practice

1. Condense each difference into a single logarithm, and calculate its exact numerical value without
using technology:

(a) loge(72) — logs(2)
(b) logy(30) —logyo(3)
(c) logy(5) — logy(40)

2. Given the landmark benchmark values log;(3) = 0.4771, log,3(4) = 0.6021, and log;((120) =
2.0792, calculate the exact decimal approximations for the following expressions using quotient
properties:

(a) logyg (%)
(b) log;4(30)
(c) logy0(0.03)

3. Prove that the expression 2 — log;(5) evaluates to a value exactly equivalent to log;((20) by

manipulating the integer value 2 into a base-10 logarithm.

1.4.3 Lesson 17: Logarithm Power Rule
1. Core Mathematical Concepts

The **power rule for logarithms** demonstrates that the logarithm of a positive number raised to an
exponent is equal to that exponent multiplied by the logarithm of the number itself.

Derivation of the Logarithmic Power Law

Let b* = A, which can be rewritten in its equivalent logarithmic form as z = log,(A). Now, raise both
sides of the exponential equation to an arbitrary power c:

(%) = A° = b= A°

Converting this expression back into a logarithm with base b isolates the power product:
logy(A°) =z-c=c-x

Substituting log,(A) back in place of x completes the derivation:

log,(A°) = c - log,(A)

This law allows an exponent within a logarithmic argument to be brought out front as a linear coefficient.

- J

2. Classical Instructional Frameworks

e« The Radical Power Transformation: Simplifying roots using fractional exponents. Evaluating
log,(1/1,000). Rewriting the square root as a fractional exponent yields log;q(1, 000%). Applying the
power rule brings the exponent out front: % -logy0(1,000) = % -3 =1.5.
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» Concept Check — Lesson 17 Practice

1. Rewrite each expression so that the final logarithmic argument contains no exponents or radical
indicators:
(a) logy(5')
(b) In(13%)
(c) loglo(\/ﬁ)

2. Match each logarithmic operational rule with its corresponding exponential baseline counterpart:

1. log,(b) + log,(c) =log,(b- ) A ad® =
b
2. log,(b) — log,(c) = log, <c> B. (a®)¥ = a®"
3. log,(b°) = c-log,(b) C.a® a¥ =a"t
al‘
— I
4. log,(1)=0 D. ik

3. Expand the expression In <%) completely into separate linear terms for positive values of x using

a combination of the product, quotient, and power rules.

1.4.4 Lesson 18: Logarithm Change of Base Rule
1. Core Mathematical Concepts

Standard scientific calculators can typically only compute logarithms in two standard bases: common log-
arithms (log;() and natural logarithms (In). To evaluate a logarithm with an arbitrary base a, it must be
converted using the **change of base rule**.

The Change of Base Identity

For any valid logarithmic base choices a and ¢, and any positive argument b, a logarithm in base a can
be calculated as the ratio of two logarithms in a new base c:

Setting the new base parameter ¢ = 10 or ¢ = e allows any non-standard logarithm to be calculated
using standard technology:
logip(a)  In(a)

. J

2. Classical Instructional Frameworks

o The Rational Approximation Sequence: Approximating the value of log,(5). We know this value
must fall between 2 and 3 because 22 = 4 and 22 = 8. Applying the change of base rule converts the

%£10(5) i is rati - 1. 0.69897
0g18(2)’ Evaluating this ratio on a calculator yields 35755 ~ 2.3219.

. 1
expression to j
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» Concept Check — Lesson 18 Practice

1. Convert each non-standard logarithm into a ratio of standard base-10 common logarithms, and
use a calculator to find its approximate value rounded to four decimal places:

(a) logz(9)
(b) log,(6)
(c) logs(20)

(d) logg(1,000)

2. Rewrite the expression log;((7) as an equivalent mathematical statement that uses only natural
logarithms (In).

3. Explain step-by-step how a student can calculate the approximate value of log,(35) using the
standard ”log” button on a basic scientific calculator.

1.4.5 Lesson 19: Using Logarithm Rules
1. Core Mathematical Concepts

Complex logarithmic expressions often require multiple operational properties to be applied in sequence.
This process can be used to condense a long expression into a single logarithm, or expand a single expression
into separate simpler terms.

Multi-Rule Condensation Strategy

When condensing a complex expression like —2 - log5(5) — log4(2) + log4(7):
1. Apply the Power Rule First: Move all linear coefficients into the arguments as exponents:

_ 1
log6(57%) —logi6(2) +1og1(7) =  logyg <25> — logy6(2) + logy4(7)

2. Apply the Quotient and Product Rules: Combine the remaining terms from left to right,
placing positive terms in the numerator and negative terms in the denominator:

1 1 7
logy¢ <25 i 7> = logyg <50>

2. Classical Instructional Frameworks

e The Composite Equivalence Challenge: Condensing an expression with mixed bases. Consider

the expression 12 E ; + log5(2) — logs(5). First, the change of base rule converts the first term into

log3(7). The expression then becomes log3(7) + log3(2) — logs(5), which simplifies using product and
quotient properties to logs ( ) logs ( )
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» Concept Check — Lesson 19 Practice

1. Combine each multi-term expression into an equivalent expression involving only a single isolated
logarithm:
(a) logs(4) + logs(6) + logs(10)
(b) log3(100) — logz(2) — logz(5)
(c) logyo(6) + logy(3) — log1(8) — log1(9)
(d) In(11) + 3 -1n(2)
2. Condense the following composite expression into a single logarithm:

In(2)
In(10)

logy((12) + —logyy(3)

3. Select all equations from the choices below that are mathematically true for all positive values of
the variables:

A. log,(b) +log,(c) = log,(b+ c)
B. log,(b) + log,(c) =log,(b - c)
. 10gq(0)
C g (o) — o8

D. log,(b°) = ¢ log,(b)
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1.5 Section E: Logarithmic Functions and Graphs

This section expands the study of logarithms from individual numerical transformations into continuous
real-valued functions. By examining the vertical asymptote, structural domains, and graphical transforma-
tions of base-10 and base-2 systems, it formalizes how logarithmic functions act as the geometric reflection
of exponential curves across the line y = .

1.5.1 Lesson 20: Logarithmic Functions and Graphs
1. Core Mathematical Concepts

A logarithmic function f(z) = log,(x) maps each positive input real value z to the exact power needed
to produce that value from base b. Because it is the direct inverse of the exponential function g(z) = b%,
their graphs exhibit symmetric properties.

Structural Properties of Logarithmic Curves

For any standard logarithmic function baseline f(z) = logy(z) where b > 1:

e Domain Restraints: The domain is strictly limited to positive real inputs: (0,00). You cannot
evaluate the logarithm of zero or a negative number in real coordinate systems.

o Range Boundless: The range spans all real values: (—oo, 00).

o Asymptotic Boundary: As x approaches 0 from the right (z — 07), the output values decrease
without bound (f(z) — —o0), creating a vertical asymptote at the line x = 0.

¢ Geometric Intercept Landmark: Every parent logarithmic curve passes through the coordinate
point (1,0) because b° = 1 for all valid bases.

o Inverse Reflection Symmetry: The graph of f(z) = log,(z) is the perfect mirror image of
g(x) = b® reflected across the linear identity line y = x.

2. Classical Instructional Frameworks

o The Decadic Scale Progression: Graphing f(z) = log;y(x). To move up by 1 unit vertically along
the output scale, the horizontal input parameter must increase tenfold. For example, the function
maps (1,0), (10,1), (100, 2), and (1000, 3), showing that the curve grows at an increasingly slow rate
as r gets larger.

o The Vertical Asymptote Trap: Analyzing the transformation h(z) = log;y(x — 3). Shifting the
inner argument shifts the entire graph horizontally. The restriction becomes x — 3 > 0, moving the
domain boundary to (3,00) and shifting the vertical asymptote from the y-axis to the line z = 3.
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» Concept Check — Lesson 20 Practice

1. Sketch the parent exponential function g(x) = 2% and the parent logarithmic function f(z) =
log,(z) on the same coordinate grid.

(a) Clearly label the vertical asymptote of f(z) and the horizontal asymptote of g(x).
(b) Identify the exact coordinates where each function crosses the coordinate axes.
(c) Draw the line of symmetry y = x to demonstrate their inverse relationship.
2. Consider the transformed logarithmic function profile: f(z) = log;o(z +5) — 2.
(a) State the explicit equation of the vertical asymptote for this transformed system.
(b) Determine the exact domain boundary over which this function is mathematically valid.
(c) Calculate the exact z-intercept of this graph by setting f(z) = 0.
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Chapter 2

Unit 6: Transformations of Functions

2.1 Section A: Translations, Reflections, and Symmetry

This section establishes the analytical framework for rigid transformations on coordinate planes. By
evaluating functional adjustments across data mappings, piecewise environmental systems, and projectile
paths, it formalizes the conceptual properties of horizontal and vertical translations, reflections across the
coordinate axes, and structural symmetry. These models demonstrate how foundational function classes
mutate configurations systemically without changing their core geometric dimensions.

2.1.1 Lesson 1: Matching Up to Data
1. Core Mathematical Concepts

Empirical data sets often resemble standard function groups but occupy displaced vertical or horizontal
positions on a Cartesian plane. To approximate real-world behavior accurately, a baseline template function
y = f(x) must undergo specific algebraic alterations that align its curve with empirical coordinates while
preserving its fundamental geometric curvature.

Mathematical Modeling and Geometric Adjustments

Let a known prototype function be defined by y = f(x), representing a clean, standard mathematical
path. When real-world experimental points are shifted from this baseline, the function can be adjusted
to minimize variance:

T(x)=C+A- f(zx— B)

In this comprehensive format, C' introduces a vertical position adjustment, B provides a horizontal
position modification, and A reflects or stretches the outputs. Isolating these constants allows a simple
baseline function to map seamlessly over scattered physical data points.

. J

2. Classical Instructional Frameworks

e The Thermodynamic Refrigerator Paradigm: Tracking the thermal state of a beverage placed
inside a cold appliance. While a pure exponential decay equation T' = (O.7)h outlines the general
cooling velocity, it approaches a baseline asymptote of 0°F. To capture the true ambient environment
of a standard refrigerator running at 36°F with an initial temperature variance, the model must be
structured using vertical adjustments and scaling modifiers: T'(h) = 36 4 45(0.7)".
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» Concept Check — Lesson 1 Practice

1. A baseline prototype function is defined analytically as f(z) = %
points tracks an inverse relationship that approaches a stable horizontal boundary line at y = 5.
Determine which of the following modified functions correctly matches the structural positioning

of this data set:

A set of experimental data

1
A g(x)—x+5
1
C. k(:p):g

2. A bottle of soda water is moved outside on a freezing winter afternoon. Its temperature curve over
time h (in hours) is accurately tracked by the function f(h) = 45+ %. Identify the temperature
boundary value that the liquid approaches over an extended duration, and evaluate the specific

vertical positioning of this boundary line on a standard coordinate graph.

2.1.2 Lesson 2: Moving Functions
1. Core Mathematical Concepts

Translations are rigid transformations that displace a function’s curve on a coordinate grid without distort-
ing its shape, slope values, or dimensions. These adjustments are represented mathematically by adding
constants directly to the complete functional output or to the input variable.

Vertical and Horizontal Functional Shift Operations

For any base tracking function y = f(z) and a positive translation scalar constant ¢ > 0:

e Vertical Shift Operations: Modifying the full output value shifts the curve along the vertical
axis.
g(x) = f(z) + ¢ (Translates the graph up by c units)

h(z) = f(z) — ¢ (Translates the graph down by ¢ units)

o Horizontal Shift Operations: Modifying the internal input value shifts the curve along the

horizontal axis.
k(x) = f(xr +¢) (Translates the graph left by ¢ units)

m(x) = f(x —c¢) (Translates the graph right by ¢ units)

. J

2. Classical Instructional Frameworks

e The Elevated Mechanical Projectile System: A pumpkin is launched vertically by a catapult
from ground level, with height tracked over time by h(t) = —16t2 + 50t + 4. If an identical device is
mounted on top of a stable structural platform elevated 30 feet higher, the new height function is built
by adding a vertical constant to the entire output, yielding g(¢) = h(t) + 30 = —16t% + 50t + 34.
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The Horizontal Shift Input Rule

When adjusting function inputs horizontally, evaluating f(x — ¢) moves the graph to the right because
each new input value x must be larger by exactly c units to generate the identical output value originally
produced at z. Conversely, evaluating f(z + ¢) moves the graph to the left.

\ J

» Concept Check — Lesson 2 Practice

1. The geometric path of a base cubic function is explicitly defined by the equation f(x) = z2(z —2).

(a) Formulate a new algebraic equation for h(x) that translates the entire graph of f(x) down by
exactly 5 units.

(b) Formulate a new algebraic equation for g(z) that shifts the entire graph of f(z) horizontally
to the right by exactly 4 units.

2. A tennis ball is struck into the air. Its structural path above the court surface is modeled by the
function f(t) = 5 + 30t — 322, where t denotes time in seconds.

(a) Identify the physical launch height of the ball when it is initially struck at ¢t = 0.

(b) A second tennis ball follows an identical trajectory but is struck from an elevated platform
7 feet above the ground. Write an equation for a new function ¢(t) that defines the height of
this second ball in terms of f(¢).

,
\

2.1.3 Lesson 3: More Movement
1. Core Mathematical Concepts

Analyzing horizontal translations within real-world timelines requires an inverse analytical relationship be-
tween chronological events and coordinate mapping inputs. When a physical scenario is delayed or advanced,
the function’s internal parameters must reflect that shift.

Chronological Adjustments in Function Notation

If a real-world physical tracking function y = h(t) captures a series of changes starting at a specific
milestone time ¢, executing the process at a later time introduces a delay parameter:

¢ Delayed Timeline Shift: If a process is delayed by k£ time units, the system must wait k& units
longer to reach the same states. The delayed model is defined as:

f(t) = h(t — k)

e Advanced Timeline Shift: If a process is advanced or started k time units earlier, the system
reaches those states k units sooner. The advanced model is defined as:

f(t) = h(t+k)

2. Classical Instructional Frameworks

e« The Delayed School Commute Model: A student leaves his house at 7:00 a.m. and walks for
20 minutes to reach school, with his distance modeled by d(t) where ¢ is minutes past 7:00 a.m. On
a winter morning with a 2-hour delayed start, the entire travel profile shifts later on the timeline by
120 minutes. The new distance function is defined as s(t) = d(t — 120).
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» Concept Check — Lesson 3 Practice

1. The temperature profile of an industrial workspace x hours after midnight is captured by a piece-
wise baseline thermostat control function y = H (z).

(a) Due to an updated morning shift configuration, the facility manager reschedules the entire
heating cycle to trigger exactly 3 hours later. Express this new temperature control function
G(z) using function notation in terms of H(x).

(b) If the baseline function satisfies H(6.5) = 65, determine the exact corresponding input coor-
dinate on the delayed function G(z) that yields this same temperature output. Express your
conclusion using formal function notation.

2. A baseline function tracking the trajectory of an experimental tracking system is defined as y =
f(z). A second transformed curve is recorded on the grid, labeled as g(x) = f(x+2) — 1. Describe
the exact horizontal and vertical steps required to transform the graph of g(x) back into the
baseline curve of f(x).

2.1.4 Lesson 4: Reflecting Functions
1. Core Mathematical Concepts

Reflections are rigid transformations that flip a function’s curve across a coordinate axis. This operation is
driven by applying a negative sign to either the entire functional output or the internal input variable.

Algebraic Rules for Axis Reflections

For any continuous reference function y = f(x) mapped on a Cartesian coordinate plane:
¢ Reflection Across the Horizontal z-Axis: Multiplying the complete output by —1 inverts all
y-coordinates across the line y = 0:

This transformation maps every coordinate point (x,y) on the curve directly to (x, —y).
¢ Reflection Across the Vertical y-Axis: Multiplying the internal variable input by —1 inverts
all z-coordinates across the line x = 0:

This transformation maps every coordinate point (x,y) on the curve directly to (—z,y).

2. Classical Instructional Frameworks

o The Inverted Output Mapping Task: Analyzing a structural curve y = f(z) containing a local
minimum point at (1.5,—4.3). Applying a vertical reflection creates the inverted function g(z) =
—f(z), which flips the curve over the z-axis and transforms that local minimum into a local maximum
point at (1.5,4.3).
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» Concept Check — Lesson 4 Practice

1. A specific mathematical reference function f(x) is evaluated across a small domain, generating the
coordinate points provided in the reference table below:

z | —-2|-1
fl®)| 4 ] 2 |1

NI =
b= DO

A transformed function g(x) generates the values i, %, 1,2,4 at the input coordinates —2,—1,0,1, 2
respectively. Determine which of the following analytical relationships holds true for all values of

A. f(z) = —g(z)
B. f(z) = g(~=)
C. f(z) = —g(~=x)

2. The continuous trajectory of an airborne projectile follows a curve defined by h(t) = 4+ 50t — 32t
Formulate a new equation modeling the height of a second projectile that traces the exact same
path but is launched exactly 2 seconds after the first.

2.1.5 Lesson 5: Some Functions Have Symmetry
1. Core Mathematical Concepts

Symmetry occurs when a function maps onto itself under a specific reflection. Functions with this property
are classified as either even or odd based on their behavior across the coordinate axes.

Defining Even and Odd Functional Symmetry Geometric Properties

Functions are classified by their fundamental reflective behaviors on a coordinate grid:

o Even Functions (Line Symmetry): A function is even if reflecting its graph across the vertical
y-axis yields an identical curve.

f(=z) = f(z) (Symmetry across the line x = 0)

If the point (z,y) lies on the curve, the point (—z,y) must also lie on the curve.
e Odd Functions (Origin Symmetry): A function is odd if reflecting its graph across both the
z-axis and y-axis simultaneously restores the original curve.

g(—x) = —g(x) (Rotational symmetry of 180° around the origin (0, 0))

If the point (z,y) lies on the curve, the point (—x, —y) must also lie on the curve.

2. Classical Instructional Frameworks

e The Cyclic Elevation Matrix: Tracking a rider’s height relative to the center axle of a continuous
Ferris wheel. If the rider reaches the absolute peak of the wheel at exactly ¢ = 0, her elevation values
at 20,40, and 60 seconds into the future match her height values at —20, —40, and — 60 seconds in
the past. This symmetric balance demonstrates an even function profile over time.
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» Concept Check — Lesson 5 Practice

1. A specific mathematical function f(x) is confirmed to possess odd symmetry across its entire
domain.

(a) Given that the coordinate point (5, 3) lies on the graph of f(x), determine the exact value of

f(=5).
(b) Prove whether the graph of an odd function must pass directly through the coordinate origin
(0,0), assuming z = 0 is included within its defined domain.

2. An incomplete reference table records specific values for an even function g(x):

z |=3|-2|0]2/|3
gl)| 5| 8 [10 | —| —

Complete the missing data entries in the table to satisfy the function’s structural symmetry con-
straints.

2.1.6 Lesson 6: Symmetry in Equations
1. Core Mathematical Concepts

Symmetry can be verified algebraically by evaluating a function with an inverted input parameter of —x
and analyzing how the resulting expression relates to the original equation.

Algebraic Verification Framework for Symmetry

To determine if a function y = f(x) is even, odd, or neither:
1. Substitute —x for every instance of the input variable z in the equation to form f(—x).
2. Simplify the expression using the algebraic rules for exponents: (—z)" = z™ for even integers n,
and (—x)" = —a" for odd integers n.

3. Compare the simplified result against the original function criteria:
o If f(—z) = f(x), the function is explicitly Even.
o If f(—z) = —f(x), the function is explicitly Odd.
o If the result matches neither, the function is classified as Neither.

2. Classical Instructional Frameworks

o The Exponential Difference Verification: Testing the function g(x) = e* — e~ for symmetry.
Substituting —z yields g(—z) = e=® —e~(-%) = ¢=% — %, Factoring out a negative sign transforms the
expression into —(e® — e™*) = —g(x). Because g(—z) = —g(x), the function is algebraically proven to
be odd.
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» Concept Check — Lesson 6 Practice

1. Algebraically analyze each of the following equations to determine if the function is even, odd, or
neither. Show all intermediate variable substitutions:
(a) f(z) =32*—222+1
(b) g(z) =2° -z
(c) h(z)=22+x -3
2. A standard linear function is defined by the slope-intercept equation f(z) = max + b, where m and
b are real constants. Determine the exact algebraic conditions required for parameters m and b to
ensure that f(z) represents an even function.

-

2.1.7 Lesson 7: Expressing Transformations Algebraically
1. Core Mathematical Concepts

Complex geometric transformations can be combined into a single algebraic expression. When tracking
multiple shifts and reflections, horizontal changes modify the input parameters internally, while vertical
changes modify the output parameters externally.

Composite Transformation Order and Algebraic Syntax

Let y = f(x) be a base reference equation. If this curve is translated horizontally by h units, reflected
across a coordinate axis, and translated vertically by k units, the transformations are applied in a
systematic sequence:

g(x) =£f(x—h)+k

e Internal Input Adjustments: Changing = to (z — h) shifts the graph horizontally.

¢ External Output Adjustments: Multiplying by —1 or adding k& modifies the graph vertically.

- J

2. Classical Instructional Frameworks

« The Comprehensive Quadratic Vertex Form: Let a baseline function be f(z) = x2. If this curve
is reflected across the horizontal x-axis, shifted left by 3 units, and translated up by 10 units, these
steps are assembled sequentially. The shift left alters the input to (z + 3), the reflection applies a
negative sign to the output, and the shift up adds 10. This produces the compound vertex equation
g(x) = —(z + 3)% + 10.

» Concept Check — Lesson 7 Practice

1. A baseline exponential tracking function is defined as f(z) = e”. The graph of f(x) is translated
right by exactly 2 units, reflected across the horizontal x-axis, and then translated down by exactly
1 unit to form a new curve g(z). Formulate the complete algebraic equation for g(z).

2. An advanced composite function is defined analytically by the expression H(t) = 10 — (1.2)'*3.

Identify the baseline prototype function f(t) nested within this model, and list the exact sequence

of horizontal shifts, axis reflections, and vertical shifts needed to build the graph of H(t) from that

baseline.

,
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2.2 Section B: Scaling Outputs and Inputs

This section expands the transformation framework beyond rigid movements to examine non-rigid dimen-
sional adjustments. By evaluating parabolic engineering structures, biological feeding models, speed-timeline
conversions, and multi-variable economic aggregates, it formalizes vertical stretching and compression (scal-
ing outputs) alongside horizontal stretching and compression (scaling inputs). Finally, it establishes opera-
tions for algebraically combining separate functional models into comprehensive systems.

2.2.1 Lesson 8: Scaling the Outputs
1. Core Mathematical Concepts

While translations shift a function’s curve on a coordinate system, vertical scaling changes its vertical
proportions. Multiplying the entire output of a function by a scale factor stretches or compresses the graph
vertically while preserving its horizontal boundary points, such as x-intercepts.

Vertical Scaling Properties and Intercept Invariance

For any baseline function y = f(z) and a positive scalar constant k > 0:

9(x) =k - f(z)

o Vertical Stretch (k > 1): Every output value expands away from the horizontal axis y = 0 by a
factor of k.

e Vertical Compression (0 < k& < 1): Every output value squashes toward the horizontal axis
y = 0 by a factor of k.

o Intercept Invariance: If f(c) =0, then g(c) = k- f(c) = k-0 = 0. Consequently, vertical scaling
preserves the exact z-intercept coordinates of the original graph.

2. Classical Instructional Frameworks

e The Suspension Cable Paradigm: Modeling a bridge’s parabolic cable spanning a distance of
1,280 meters between towers. A base quadratic model with zeros at x = 0 and x = 1,280 is written
as f(z) = z(x — 1,280). At mid-span (z = 640), the baseline output is f(640) = —409,600. Since the
true physical maximum dip is only —152 meters, a vertical compression factor must scale the entire
output expression without moving the anchors: y = (%) f(x) =~ 0.000371z(x — 1,280).
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» Concept Check — Lesson 8 Practice

1. In each option below, the transformed function g(x) scales the baseline function f(z) vertically.
Match the correct structural scalar expression to its respective coordinate change:
(a) f(x) contains (11,—121) and g(z) contains (11, —55). Formulate g(x) in terms of f(z).
(b) f(z) has a vertical intercept at (0, —8) and g(z) has a vertical intercept at (0, —13.6). For-
mulate g(x) in terms of f(x).

2. The minimum daily feeding volume required by a canine population is modeled by a baseline
weight function f(w) = w%, where w represents weight in pounds. An empirical data tracking
system records that an active 27-pound dog requires exactly 180 grams of food daily.

(a) Determine the precise vertical scale factor k required to fit the model F(w) = k- f(w) to this
empirical coordinate point.
(b) Prove whether scaling the output of f(w) impacts the vertical intercept coordinate at w = 0.

\ J

2.2.2 Lesson 9: Scaling the Inputs
1. Core Mathematical Concepts

Horizontal scaling occurs when a scale factor is multiplied directly within the input variable of a function.
This operations alters the rate at which the independent variable progresses through the function’s domain,
creating a horizontal stretching or compressing effect.

Horizontal Input Scaling Rule

For any continuous function y = f(x) and a positive input scalar constant ¢ > 0:

g9(x) = f(c-z)

o Horizontal Compression (¢ > 1): The independent input variable cycles through its values ¢
times faster. The graph squashes horizontally toward the vertical axis x = 0 by a factor of %

o Horizontal Stretch (0 < ¢ < 1): The independent input variable cycles through its values slower.
The graph expands horizontally away from the vertical axis z = 0 by a factor of %

e Output Invariance at the Origin: At the input coordinate x = 0, evaluating ¢(0) = f(c-0) =
f(0) demonstrates that horizontal input scaling preserves the original vertical y-intercept.

2. Classical Instructional Frameworks

e The Accelerating Locomotive Paradigm: Train A completes a fixed route, with its distance
profile tracked over time t by s = f(¢). Train B travels along the same tracks but operates at exactly
twice the speed of Train A. To cover the identical physical distance points in precisely half the time,
Train B’s timeline tracks according to the input-compressed formula: g(t) = f(2t).
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» Concept Check — Lesson 9 Practice

1. A baseline wave function modeling cyclical sound propagation is defined as y = f(x), where an
explicit maximum coordinate is recorded at the point (1,2). A modified variant function records
its maximum coordinate at (%, 2). Write the complete function notation equation for this variant
in terms of f(z).

2. An environmental tracking center models a localized bacterial population (in thousands) via the
baseline day-driven model f(d) = 30 - 2¢, where d represents elapsed days.

(a) Formulate a modified tracking function g(w) that yields the exact same population metrics
given an input timeline measured in weeks w.

(b) Determine whether the weekly transition function scales the inputs or outputs of the system,
and state the exact scale factor constant.

2.2.3 Lesson 10: Combining Functions
1. Core Mathematical Concepts

Separate functional components that share a common domain can be combined through arithmetic operations—
addition, subtraction, multiplication, and division—to build comprehensive mathematical systems.

Arithmetic Combinations of Functions

Let f(z) and g(z) be distinct equations defined across a shared structural domain. The composite
algebraic combinations are mapped point-by-point for all valid inputs:
e Sum Function: S(z) = f(z) + g(x) (Combines respective vertical outputs)
o Difference Function: D(z) = f(z) — g(xz) (Isolates the vertical gap between curves)
o Product Function: P(x) = f(x)-g(x) (Scales outputs compoundingly)
_ @

e Quotient Function: Q(z) % (Evaluates proportional ratios; valid where g(x) # 0)

2. Classical Instructional Frameworks

e The Lemonade Stand Enterprise: Analyzing the business model of a commercial beverage stand.
The operational cost of producing n cups is modeled linearly by C'(n) = 5 4 0.8n, while total revenue
is modeled by R(n) = 2n. Subtracting these operations creates the net profit function P(n) =
R(n) — C(n) = 1.2n — 5. Furthermore, dividing the profit by volume yields the average profit per

unit: A(n) = % =123,

n
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» Concept Check — Lesson 10 Practice

1. Two functions, f(x) and g(z), track manufacturing metrics across a coordinate grid. A composite
difference function is defined as h(z) = f(z) — g(x).
(a) State the exact graphic meaning when h(xz) = 0 at a specific coordinate input z.
(b) If f(x) = 22 and g(x) = 2z, determine all explicit real solutions where the curve of h(z)
crosses the horizontal axis y = 0.

2. A national publishing index tracks corporate metrics over a multi-year sequence. Let B(t) model
the gross volume of books sold annually (in millions) ¢ years after 2010, and let P(¢) model the
total resident population (in millions) across the same timeline.

(a) Define a new functional expression R(t) that models the net book volume distribution per
capita over time.

(b) Given the historical tracking parameters B(0) = 2,530 and P(0) = 309.35, evaluate the exact
per capita distribution rate R(0) rounded to two decimal places.
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2.3 Section C: Transformations of Functions

This section consolidates global functional behaviors into a unified structural analysis. By looking beyond
standalone transformations, it formalizes complex operations applied to general functions f(x)—including
combined horizontal-vertical stretches, displacements, and inversions—and analyzes how these variations
manifest across coordinate geometries. Additionally, this framework presents rigorous methodologies for
completing the square to resolve arbitrary quadratic equations into vertex form, alongside transforming
second-degree circular relations into normalized algebraic systems.

2.3.1 Lesson 11: Transforming From an Original Function
1. Core Mathematical Concepts

Every standard parent class—whether absolute value, polynomial, exponential, or radical—follows identical
geometric principles when transformed. Applying internal modifications alters the domain elements prior to
functional evaluation, whereas external modifications scale or displace outputs after functional evaluation.

Unified Mapping Patterns and Coordinate Trajectories

Let a known base prototype function be defined as y = f(x). If an operator applies a set of combined
horizontal and vertical alterations to create a new profile, the transformation tracks according to spatial
tracking rules:

g(xz)=A-fz-B)+C

o Input Modifications (Horizontal Domain): The alteration (z — B) shifts all key elements
horizontally by B units. Transformations grouped inside the function’s argument operate on the
horizontal axis because it represents the system’s input.

o Output Modifications (Vertical Range): The scalar multiplier A stretches or compresses the
graph vertically, while the constant addition C' introduces a vertical translation. These external
changes directly modify output variables along the vertical axis.

2. Classical Instructional Frameworks

o The Multi-Class Mapping Challenge: Consider an absolute value baseline f(xz) = |z| and a
quadratic baseline g(x) = z2. If both curves undergo a translation left by 3 units combined with
a vertical stretch factor of 2, the geometric actions mirror each other exactly. The vertices of both
families track cleanly from the origin to (—3,0), yielding the equivalent equations y = 2|z + 3| and

y=2(x + 3)%
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» Concept Check — Lesson 11 Practice

1. An advanced composite tracking operation modifies three baseline prototype functions: an expo-
nential model f(z) = 2%, a quadratic model g(x) = 22, and a radical model h(x) = /z. Draw
or formulate the specific transformed functional equations if each baseline undergoes a translation
left by 3 units, a vertical stretch by a factor of 2, and a translation down by 4 units.

2. A structural mapping transformation affects an arbitrary reference curve y = f(x). Select all
operations from the option matrix below that impact the internal input parameters of the function:

A. Vertical stretch by a factor of 3

1
B. Horizontal stretch by a factor of 3

C. Reflection across the vertical y-axis
D. Reflection across the horizontal z-axis
E. Translation horizontally left by 4 units

F. Translation vertically down by 6 units

2.3.2 Lesson 12: Transformation Effects
1. Core Mathematical Concepts

Examining highly nested expressions requires a reliable sequence of operations to isolate the component
shifts, reflections, and scaling factors that separate a modified function from its base parent equation.

Deconstructing Nested General Functional Notation Expressions

When a complex function is written in terms of an unknown parent function f(x), horizontal parameters
can be isolated by factoring out a common scalar from the input terms:

glx)=A-f(B(x-C))+D

The chronological sequence of operational changes maps step-by-step from the innermost parameter to
the outermost:
1. Horizontal Translation: Governed by C' (shifts left if negative, shifts right if positive).
2. Horizontal Scale Factor: Driven by B, squashing the input spacing by a factor of ﬁ and
reflecting across the y-axis if B < 0.
3. Vertical Scale Factor: Driven by A, expanding the vertical outputs from the origin by a factor
of |A| and reflecting across the z-axis if A < 0.
4. Vertical Translation: Driven by D (shifts down if negative, shifts up if positive).

2. Classical Instructional Frameworks

e The Abstract Operational Template: Suppose a target tracking function is defined relative to an
unknown baseline f(z) by the equation g(z) = 2f(3xz + 4) — 6. By factoring out the inner horizontal
multiplier, the expression becomes g(x) = 2f (3(x + %)) — 6. This reveals that the parent function has
been shifted left by % units, horizontally compressed by a factor of %, vertically stretched by a factor
of 2, and shifted down by 6 units.
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» Concept Check — Lesson 12 Practice

1. An abstract operational profile g(x) is constructed from a parent function f(x) by applying these
steps in exact chronological order: translate right by 3 units, stretch vertically by a factor of 4, and
reflect across the horizontal z-axis. Formulate the explicit equation for g(z) if the parent function
is:

(a) f(z)=a"
1

(b) flx) =3
(©) f(z) ==
2. Analyze the tracking equation g(z) = —2(x + 4)% — 1 relative to its parent function f(z) = z3.

List the complete sequence of horizontal translations, vertical scale stretches, axis reflections, and
vertical shifts required to map the parent curve onto g(z).

2.3.3 Lesson 13: Transforming Parabolas
1. Core Mathematical Concepts

Standard second-degree trinomial expressions can be converted into vertex form by completing the square.
This process translates general algebraic equations into clear geometric paths, making structural properties
like vertex shifts and focal scaling factors immediately visible.

Trinomial Restructuring via Completing the Square

To convert an expanded quadratic relation y = az? + bx + ¢ into vertex form y = a(x — h)? + k:
1. Isolate the Leading Coefficient: Factor out the scalar parameter a from both variable terms:

b
y:a<x2+$>+c
a

g 3 2 . 2

2. Form a Perfect Square Trinomial: Compute the square of half the linear coefficient, (%) ,

and add it inside the parentheses. To maintain mathematical equivalence, subtract the balance
outer product from the constant term:

=alz?+ éx + b 2 +c—a b 2
J= a 2a 2a
3. Collapse to Vertex Form: Factor the trinomial term into perfect square form:

el () (8

o . 2
This matches vertex coordinates where h = —% and k =c¢— Z—Q.

2. Classical Instructional Frameworks

o The Parabolic Ballistic Trajectory: An engineering tracking system defines a structural path via

the equation y = %12 — 8z + 14. Factoring out the leading coefficient yields y = %(12 — 10z) + 14.

Completing the square inside the expression requires adding (_Tlo)2 = 25 inside the parentheses and
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subtracting the balanced balance %(25) = 20 externally, yielding y = %(m —5)2 — 6. This form shows
that the path vertex is located at (5, —6).

» Concept Check — Lesson 13 Practice

1. A second-degree polynomial profile is defined in standard form by the expression y = %ZL‘Q +8x+10.
(a) Restructure this equation into vertex form by executing the method of completing the square.
(b) State the exact coordinates of the vertex and calculate the vertical y-intercept point for this

parabola.

2. A baseline parabolic curve y = z? is reflected over the horizontal z-axis, stretched vertically by

a factor of 4, translated down by 7 units, and translated left by 3 units. Formulate the updated
quadratic equation in standard form.

2.3.4 Lesson 14: Transforming Circles
1. Core Mathematical Concepts

A circle is defined geometrically as the locus of all coplanar points equidistant from a fixed center. Like
parabolas, general second-degree bivariate equations representing circular relations can be resolved into a
standardized geometric framework by completing the square on both variable dimensions independently.

Resolving the Standard Algebraic Equation of a Circle

The normalized structural model for any circle mapped on a Cartesian coordinate grid is defined by the

translated equation:
(x = h)2+ (y — k)2 =12

This form shows that the relation represents a dilation of the unit circle 22 + y? = 1 by a radius factor
of r, combined with a horizontal translation of h units and a vertical translation of k£ units. This fixes
the true geometric center of the circle at the coordinate coordinate (h, k).
1. Group the respective z-variable and y-variable terms together and move constants to the opposite
side.
2. Complete the square for both dimensions independently by adding (w)2 for each vari-
able block to both sides of the equation.

3. Factor the trinomial expressions to isolate the center point coordinates (h, k) and the radius value

7= <.

2. Classical Instructional Frameworks

« The Bivariate Conic System Analysis: Analyzing the general circular relation equation x2? — 62 +
y? + 10y + 25 = 0. Grouping terms gives (2% — 6z) + (y? + 10y) = —25. Completing the square for

both variables requires adding (%6)2 =9 and (%)2 = 25 to both sides, transforming the relationship
into (22 — 6z + 9) + (y> + 10y + 25) = —25 + 9 + 25. Factoring yields the standard circle form

(x —3)? + (y + 5)? = 9, defining a circle centered at (3, —5) with a radius of 3.
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» Concept Check — Lesson 14 Practice

1. A conic section curve is defined algebraically by the general expanded relationship:

m2+2m+y2—2y+1§4 =0
(a) Transform the equation into standard circle form by completing the square for both coordinate
variables.
(b) State the geometric center point and evaluate the exact radius length for this transformed
circle.
2. An original circle modeled by 22 +y? = 1 is scaled by a dilation factor of %, translated vertically up
by 5 units, and translated horizontally left by 7 units. Formulate the complete standard algebraic
equation representing this transformed configuration.
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2.4 Section D: Making a Model for Data

This section integrates the complete transformation catalog—including horizontal and vertical shifts,
scaling operations, and reflections—to build mathematical models for structured real-world data. By an-
alyzing environmental temperature cycles, pendulum mechanics, and periodic physiological variations, it
demonstrates how parent functions are systemically modified to capture specific boundaries, amplitudes,
and horizontal shifts within empirical data sets.

2.4.1 Lesson 15: Making a Model for Data
1. Core Mathematical Concepts

Mathematical modeling involves choosing a baseline parent function that matches the general shape of an
empirical data set, and then applying a sequence of coordinate transformations to fit the curve to specific
data points. The generalized transformed template can be expressed as:

y=A-f(Blx—C))+D

Systematic Parameter Identification for Data Fitting

When fitting a prototype curve to real-world data bounds, the transformation parameters are determined
from key characteristics of the data set:
1. Vertical Shift (D): Represents the vertical midpoint or baseline equilibrium of the data. It is
calculated from the maximum and minimum output boundaries:

D_ Maximum Value + Minimum Value
N 2

2. Vertical Scale Factor (A): Dictates the vertical expansion or amplitude relative to the baseline.

It is calculated as:
Maximum Value — Minimum Value

2
3. Horizontal Scale Factor (B): Normalizes the natural horizontal scale of the parent function to
match the interval length or period over which the data cycles.
4. Horizontal Shift (C): Displaces the function horizontally to align its key structural features
(such as peaks, troughs, or intercepts) with the corresponding independent variable coordinates.

A=

2. Classical Instructional Frameworks

e The Ambient Diurnal Temperature Cycle: Tracking a desert workspace’s temperature profile
over a 24-hour period. The temperature drops to a minimum of 50°F at dawn and rises to a maximum
of 90°F at mid-afternoon. The vertical equilibrium line is established at D = 902ﬂ = 70°F, and the
vertical scaling amplitude is fixed at A = 902;50 = 20°F. This establishes the vertical boundaries of
the model at y =20 - f(...) + 70.
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» Concept Check — Lesson 15 Practice

1. An engineer records structural stress metrics that cycle periodically over time. The experimen-
tal data shows a maximum stress output of 140 MPa and a minimum stress output of 20 MPa.
Determine the correct vertical scale parameter A and vertical shift parameter D required to fit a

baseline transformation model:

A.A=80, D=60
B. A=60, D =280
C.A=120, D=20

2. A oceanography center tracks tidal water heights relative to a harbor gauge. The water level peaks
at a maximum depth of 14.2 feet and drops to a minimum depth of 2.6 feet.
(a) Calculate the explicit vertical midpoint boundary line D and the vertical scaling factor A for
this tidal system.
(b) Write an equation for the intermediate transformed model T'(t) = A - f(¢t) + D using an
arbitrary baseline function f(t).

2.4.2 Lesson 16: Mathematical Modeling
1. Core Mathematical Concepts

A complete mathematical model must align both its vertical bounds and its horizontal progression with the
data. Adjusting horizontal parameters ensures that the model cycles at the correct frequency and that its
features match the timeline of the observed data.

Complete Horizontal Synchronization

Once the vertical boundaries (A and D) are set, the internal horizontal parameters (B and C') are
calculated to synchronize the independent variable:

o Interval Alignment (B): If the empirical process repeats over a total horizontal distance or

period P, and the baseline function has a natural period of P, ,se, the horizontal scaling multiplier

1S:
B base

P
o Phase Synchronization (C): The horizontal translation parameter C' shifts the curve left or
right, ensuring that specific points on the transformed curve match the coordinates of the physical
events in the data set.

B =

2. Classical Instructional Frameworks

e The Mechanical Pendulum Tracking System: A laboratory pendulum swings back and forth,
reaching its maximum displacement from a sensor every 2.5 seconds. If the standard baseline function
used has a natural cycle length of 27, the horizontal input scaling factor must be set to B = 22—7; = 0.87.
This yields an input-compressed model structure of f(0.87 - t), matching the frequency of the physical
system.
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» Concept Check — Lesson 16 Practice

1. The breathing cycle of an athlete during an endurance test is modeled using a standard trigonomet-
ric baseline function f(z) that has a natural period of 2. The athlete completes a full inhalation-
exhalation cycle exactly every 4 seconds.

(a) Determine the precise internal horizontal scale factor B required to synchronize the model’s
period with the athlete’s breathing cycle.

(b) If the breathing cycle is delayed by 0.7 seconds due to a delay in the recording equipment,
express the horizontal adjustment using function notation in terms of f(x).

2. An industrial cooling tower cycles its exhaust fan speed based on structural temperature variations.
The maximum fan speed is 1,800 RPM and the minimum fan speed is 400 RPM. The process
completes a full cycle every 12 hours, and the peak speed occurs at hour ¢ = 3. Using a baseline
parent function f(¢) that has a maximum at ¢ = 0 and a natural period of 27, write a complete
transformation model S(t) = A- f (B(t — C)) + D by determining the exact values for parameters
A, B, C,and D.
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Chapter 3

Unit 7: Trigonometric Functions

3.1 Section A: The Unit Circle

This section establishes the geometric foundations of trigonometry by embedding coordinates, circles, and
circular motion within the Cartesian plane. Beginning with an analysis of right triangles and periodic motion
on coordinate scales, it systematically develops the structure of the Unit Circle (22 + y? = 1). Key insights
include transitioning from degree models to intrinsic radian measures, formalizing coordinate representations
through the geometric definitions of sine and cosine, and deriving the fundamental Pythagorean Identity.

3.1.1 Lesson 1: Moving in Circles
1. Core Mathematical Concepts

Circular and repeating pathways are universally modeled by evaluating a point’s relative spatial position
against a baseline tracking scale. A circle centered at the origin (0,0) with a radial boundary length r is
formally defined by the standard algebraic equation:

Periodic Variations and Circular Equations

When structural or physical mechanisms cycle repeatedly at highly regular tracking increments, their
motion exhibits specific attributes:
1. Periodic Phenomenon: Any continuous or discrete operation whose specific physical measure-
ments repeat completely over equivalent, fixed horizontal intervals.
2. Period: The precise, predictable interval distance or time span required for a cyclical system to
complete one absolute wave cycle before replicating itself.
3. Coordinate Synchronization: For a circular trajectory of radius r centered at (0,0), any valid
boundary point (z,y) satisfies the Pythagorean relationship x? + 32 = r2. If a specific axis con-
straint is known, its corresponding spatial component can be verified using algebraic extraction:

y=xvVr2—x2 or z=2£r2—y>2
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2. Classical Instructional Frameworks

o« The Rotational Tracker Mechanism: Consider a mechanical tracking dial configured with a pri-
mary radial arm exactly 1 foot long. When pointing directly right along the horizontal baseline, the
terminal point resides exactly 10 feet above an environmental reference floor. If the tracking arm com-
pletes a full counterclockwise circle every 60 seconds, its apex height at 15 seconds (pointing straight
up) expands to 10 + 1 = 11 feet, while its lowest boundary at 45 seconds drops to 10 — 1 = 9 feet.
This illustrates a classic periodic cycle with a period of 60 seconds.

» Concept Check — Lesson 1 Practice

1. A laboratory tracking terminal records coordinates for a particle traveling along a circular track
centered perfectly at (0,0). The tracking pathway has a total radius of 13 cm. If the particle passes
a checkpoint where its horizontal position is recorded at x = —5 cm within the second quadrant,
determine its exact vertical position y:

A.y=8cm
B.y=12 cm
C.y=+v194 cm

2. An industrial mixing mechanism contains an internal point that cycles along a fixed circular path
defined by the equation z2 + y? = 100.
(a) State the exact radial metric length 7 of this mixing mechanism.
(b) If a sensor identifies a boundary position with a vertical coordinate of y = —4, determine all
possible matching horizontal x-coordinates.
(c) Select whether a position at (3,4) can exist on this specific circular track, and justify using
algebraic verification.

3.1.2 Lesson 2: Revisiting Right Triangles
1. Core Mathematical Concepts

Right-triangle trigonometry formalizes the geometric proportions linking interior acute angles to specific
side-length ratios. When a right triangle is positioned in the first quadrant of a coordinate plane with its
vertex at the origin, these ratios map directly to coordinates scaled along a hypotenuse.
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Trigonometric Proportions and Scaled Triangles

For any right triangle configured with an active acute angle A, an adjacent leg length, an opposite leg
length, and a hypotenuse length:

¢ Fundamental Ratios: The essential trigonometric functions are universally expressed as:

. Adi
Opposite cos(A) = djacent

_ Opposite
~ Hypotenuse’

(A) — _
sin(4) Adjacent

S £ an(A
Hypotenuse’ (4)

e Geometric Similarity and Scaling: When scaling a prototype triangle down to a similar
version with a hypotenuse of exactly 1 unit, the underlying trigonometric ratios remain completely
constant. If the base vertex is positioned at (0,0) and the hypotenuse aligns with the terminal ray,
the terminal coordinate (z,y) on a 1-unit scale maps precisely to:

(x,y) = (cos(A),sin(A))

2. Classical Instructional Frameworks

e The 15-8-17 Structural Wedge: A rigid reference triangle exhibits a base side of 15 units, a vertical
side of 8 units, and a diagonal hypotenuse of 17 units. Evaluating from the interior acute base angle
A gives cos(A) = 12, sin(4) = £, and tan(A) = . If we shrink this triangle down by a scale factor
of 1—17 to establish a hypotenuse of 1 unit, its terminal peak coordinate on a coordinate plane scales

precisely to (12, ).

» Concept Check — Lesson 2 Practice

1. A structural support wedge is modeled as a right triangle ABC with a right angle at B. The
diagonal hypotenuse length AC' measures exactly 10 units, and the vertical leg length BC' measures
6 units. Determine the true statement regarding the interior base angle A:

A. sin(A) = 1%
B. cos(A) = %
C. tan(4) = %

2. A right triangle is mapped into Quadrant I with its hypotenuse equal to exactly 1 unit, centered
at (0,0) with an acute interior angle 6.
(a) Express the absolute length of the adjacent horizontal leg explicitly in terms of a trigonometric
function of 6.
(b) Express the absolute length of the opposite vertical leg explicitly in terms of a trigonometric
function of 6.
(c) If a similar triangle is scaled up horizontally and vertically by a scale multiplier of 13, write
expressions for its new side metrics.
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3.1.3 Lesson 3: The Unit Circle (Part 1)
1. Core Mathematical Concepts

The Unit Circle serves as the foundational benchmark structure for general trigonometry, defined explicitly
as a circle centered at the coordinate origin (0,0) with a fixed radius of exactly 1 unit. This geometric
framework introduces radian measurement, which defines an angle based on the intrinsic arc length traversed
along the circle’s boundary.

Radian Calibration and Circular Symmetry

The unit circle unifies coordinate boundaries with arc distance tracking metrics:

1. The Radical Definition of a Radian: An angle of exactly 1 radian represents the interior
rotation required to traverse an arc length equal to the circle’s radius. Because the entire circum-
ference of a unit circle is 27, a complete 360° rotation corresponds to 27 radians, and a half-circle
equals 7 radians.

2. Intrinsic Radian Scaling: The radian measure of an angle is independent of the circle’s size,
representing the ratio of the arc length s to the radial length r:

g="
.

3. Symmetric Coordinate Pairs: Due to structural symmetry across the coordinate axes, a point
(z,y) on the unit circle has predictable corresponding coordinates in other quadrants, maintaining
identical absolute values with signs dictated by the quadrant.

2. Classical Instructional Frameworks

e The 1-Foot Wheel Tracking Profile: A precision test wheel with a radius of 1 foot rolls coun-
terclockwise along a flat surface. As it progresses, the distance traveled along the ground matches
the arc distance mapped along its perimeter. A rotation of 7 radians moves the wheel exactly 7 feet
horizontally, shifting the initial rightmost point (1,0) to the leftmost position (—1,0).

» Concept Check — Lesson 3 Practice

1. A standard unit circle tracking grid highlights a point P positioned in the first quadrant where
the terminal ray splits a full rotation exactly into eight equal segments. Identify the correct radian
measure and attribute of point P:

A 0= g radians, z =0
B. 0= g radians, x =1y
C.0= % radians, y > x

2. A specialized rotational gauge is modeled as a unit circle centered at (0,0).
(a) Complete the following tracking sheet mapping rotational fractions to exact radian measures:

e A rotation of i of a full circle counterclockwise = radians.
e A rotation of % of a full circle counterclockwise = radians.
e A rotation of % of a full circle counterclockwise = radians.
(b) A perimeter coordinate is located at =z = % in Quadrant I. Use the unit circle equation

22 + y? = 1 to calculate its exact vertical component y.

65



Spring 2026 Algebra II Review

3.1.4 Lesson 4: The Unit Circle (Part 2)
1. Core Mathematical Concepts

Extending angle analysis across all four quadrants requires establishing standard reference rays. Angles are
systematically measured starting from the positive horizontal z-axis as the initial ray, with positive values
tracking counterclockwise rotation and negative values tracking clockwise rotation.

Four-Quadrant Coordinate Mapping

As an angle 6 rotates through the coordinate system, the signs of its coordinate pairs (z,y) change
systematically depending on the quadrant:
» Quadrant I (0 <6 < §): Both coordinate metrics are strictly positive (z > 0,y > 0).
e Quadrant II (§ < 6 < m): Horizontal coordinates become negative, while vertical positions
remain positive (z < 0,y > 0).
 Quadrant III (7 < 6 < 2I'): Both coordinate metrics are strictly negative (z < 0,y < 0).
¢ Quadrant IV (37” < 6 < 27): Horizontal coordinates are positive, while vertical positions are
negative (z > 0,y < 0).
By utilizing a known coordinate pair in Quadrant I, symmetric pairs can be mapped directly across all
quadrants by adjusting the signs to match the target quadrant’s geometric boundaries.

. J

2. Classical Instructional Frameworks

o The § Sector Reflection Network: A terminal point in Quadrant I at an angle of % radians is
approximated by the coordinate pair (0.5,0.87). Rotating to the supplementary position in Quadrant
II at %’r radians reflects this point across the vertical axis, resulting in the coordinates (—0.5,0.87).
Continuing the rotation into Quadrant III at %’T radians yields (—0.5, —0.87), while reaching Quadrant

IV at 2F radians gives (0.5, —0.87).

» Concept Check — Lesson 4 Practice

1. An engineer notes that a rotational component has stopped at an angle of § = %r radians. Deter-

mine the quadrant location and coordinate sign profile for this component:

A. Quadrant II, where x < 0 and y > 0
B. Quadrant III, where z < 0 and y < 0
C. Quadrant IV, where x > 0 and y < 0

2. A reference point P on a unit circle is located at the coordinate position (0.97,0.26).
(a) Perform algebraic validation using the unit circle criterion 22 + y? = 1 to determine if this
coordinate pair resides precisely on the circle, or if it represents an approximation.
(b) State the exact coordinate pairs for the corresponding symmetric points across the remaining
three quadrants:
e Quadrant II reflection point =

e Quadrant III reflection point =
e Quadrant IV reflection point =
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3.1.5 Lesson 5: The Pythagorean Identity (Part 1)
1. Core Mathematical Concepts

The formal coordinate definition of trigonometric functions states that for any angle of rotation ¢ on the
unit circle, the horizontal coordinate x is defined as cos(#) and the vertical coordinate y is defined as sin(#).
Substituting these functional definitions into the unit circle equation (22 + y* = 1) yields the fundamental
Pythagorean Identity.

The Fundamental Coordinate Identity

For any real angle input # mapped counterclockwise onto the unit circle from the initial point (1,0):
1. Functional Coordinate Equivalence: The spatial coordinates are defined by the trigonometric
values:

x = cos(f), = sin(0)

2. The Pythagorean Identity: Because every terminal point must satisfy the structural equation
of the unit circle, the identity holds true across the entire domain:

cos?(#) + sin%(9) = 1

This identity allows for the precise calculation of a missing coordinate value when one trigonometric

component and the quadrant are known.

2. Classical Instructional Frameworks

o The 3 Circular Coordinates: A terminal ray is rotated to an angle of % radians in Quadrant I.
Geometric derivation shows that the horizontal step is exactly 0.5, which means cos(§) = 0.5. Applying
the Pythagorean Identity gives (0.5)2 +sin*(%) = 1, which simplifies to 0.25+ sin?(%) = 1. Solving for

the vertical component yields sin(§) = v0.75 = @, establishing the exact coordinate pair at (3, @)

» Concept Check — Lesson 5 Practice

1. A point P is generated on the unit circle by a terminal rotation of § = 7 radians. Select the

correct coordinate evaluation based on the formal definitions of sine and cosine:

A. cos <g> 1, sin (g) =0
B. cos (g) =0, sin (g) =1
C. cos (g) =0, sin <g) =-1

2. An angle € maps to a terminal point on the unit circle in Quadrant IV, with a verified vertical
coordinate of sin(f) = —0.5.

(a) Substitute this value into the Pythagorean Identity to set up an algebraic equation for cos().

(b) Solve the equation to find the exact value of cos(f), choosing the correct sign based on the
quadrant constraints.

(c) Write out the complete coordinate pair (x,y) for this terminal point.
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3.1.6 Lesson 6: The Pythagorean Identity (Part 2)
1. Core Mathematical Concepts

The Pythagorean Identity serves as a robust algebraic tool for evaluating trig ratios across all quadrants.
Additionally, the tangent function can be expressed dynamically within the coordinate plane as the ratio of
sine to cosine, representing the geometric slope of the terminal ray.

Algebraic Synthesis of Trigonometric Ratios

When calculating trigonometric values for any arbitrary angle 6:

e The Tangent Slope Ratio: The tangent function represents the ratio of the vertical coordinate
to the horizontal coordinate:

sin(0)
cos(#)

tan(f) = (where cos(6) # 0)

e Quadrant Sign Verification: The algebraic sign of tan(d) depends on the signs of sine and
cosine within the target quadrant. Tangent is positive in Quadrants I and III (where signs match)
and negative in Quadrants IT and IV (where signs are opposite).

2. Classical Instructional Frameworks

e The Quadrant IV Parametric Extraction: An angle 6 is located in Quadrant IV with a known
horizontal coordinate cos(f) = 0.28. Using the Pythagorean Identity: (0.28)% 4 sin?(d) = 1 =
0.0784 4 sin?(9) = 1 = sin?(d) = 0.9216. Because Quadrant IV requires a negative vertical
c0H41p0nent, sin(f) = —v/0.9216 = —0.96. The tangent value is then calculated as tan(f) = 730 =
O WE

» Concept Check — Lesson 6 Practice

1. An angle 6 is located in Quadrant II, and a sensor records a vertical value of sin(§) = 0.6. Determine
the exact value of tan(f) using the Pythagorean Identity and the tangent ratio:

A. tan(f) = 0.75
B. tan(f) = —0.75
C. tan(f) = —1.33

N

2. Suppose that an angle 6 is located in Quadrant III, and it satisfies the constraint sin(6) = —
(a) Calculate the exact value of cos(f) using the Pythagorean Identity.
(b) Determine the exact value of tan(f) by evaluating the ratio of sine to cosine.
(c) Explain how the sign of the tangent value relates to the geometric slope of the terminal ray
in Quadrant III.

3.1.7 Lesson 7: Finding Unknown Coordinates on a Circle
1. Core Mathematical Concepts

Geometric similarity allows the trigonometric definitions derived on the unit circle to scale to any circle with
a radius r centered at the origin. For a circle of radius r, the coordinates of a point P determined by an
angle of rotation 6 are scaled by a factor of r.
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Radial Scaling and Environmental Modeling

For any circle centered at (0,0) with an arbitrary radius r:

1. General Coordinate Equations: The positions along the circular boundary are calculated as:
x=r-cos(f), y=r-sin(h)

2. Superposition of Center Elevations: If the circular mechanism is elevated vertically so its
center sits at a coordinate height k, the absolute vertical position relative to the ground baseline
is modeled by:

Height = r - sin(0) + k

. J

2. Classical Instructional Frameworks

e The Elevated Ferris Wheel Model: A Ferris wheel has a radius of 30 feet, and its central hub is
mounted 40 feet above the ground. A passenger boarding at the rightmost position (0 radians) rotates
counterclockwise. When the wheel rotates through an angle of § radians, the passenger’s height above
the central hub is 30 - sin(§) = 30 - 0.5 = 15 feet. Adding the hub elevation, the passenger’s absolute
height above the ground is 15 4+ 40 = 55 feet.

» Concept Check — Lesson 7 Practice

1. A mechanical clock tracking system features a minute hand with a length of 5 inches centered
at (0,0). Calculate the exact coordinate position (x,y) of the tip of the minute hand at exactly
10 minutes after the hour (which corresponds to a negative rotation of —§ radians from the vertical

axis, or a standard position angle of § = % radians):

A. (2.5, 2.5V/3)
B. (2.5V/3, 2.5)
C. (2.5, —2.5V/3)

2. A large industrial flywheel has a total radial length of 85 feet, and its central axis is mounted
exactly 100 feet above a safety deck. A tracking marker starts at the rightmost horizontal position
(0 radians) and rotates counterclockwise.

(a) Write an explicit mathematical expression for the height of the marker above the safety deck

after a rotation of 6 = %’T radians.

(b) Estimate this height to the nearest tenth of a foot by evaluating your expression.
(c) Determine the number of unique positions along a single full rotation where the marker sits
at a height of exactly 100 feet above the deck.
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3.2 Section B: Periodic Functions

This section establishes the formal mathematical foundations of periodic functions. By abstracting cycli-
cal real-world scenarios—such as carousels, waterwheels, and standard rotational systems—into functional
frameworks, it introduces the continuous pathways of the sine and cosine functions. It transitions these
models from static circular coordinates to infinite domains spanning all real numbers, introduces the slope
tracking mechanics of the tangent function, and concludes by defining the reciprocal trigonometric ratios.

3.2.1 Lesson 8: Rising and Falling
1. Core Mathematical Concepts

A real-world process or data profile is mathematically classified as periodic if its dependent output variables
alternate through continuous, identical cycles over fixed horizontal interval spans. The horizontal length of
one singular, complete repeating segment is defined as the function’s period.

Mathematical Criteria for Periodic Models

A function f is defined as periodic if there exists a non-zero positive constant P such that for every
independent input value x within the total domain:

f(z+P) = f(z)

The smallest positive value of P that satisfies this constraint is designated as the period of the function.
¢ Output Boundedness: Most classical periodic models fluctuate continuously between fixed ab-
solute maximum and minimum boundaries.
¢ Independent Variables: In applied physical contexts, the independent argument typically tracks
the accumulation of time (¢) or degrees of rotation.

2. Classical Instructional Frameworks

e The Rotational Lifter Tracker: Consider a mechanical tracking terminal attached to a wheel
with a radius of 1 meter centered at the origin. As the wheel rotates uniformly counterclockwise, the
vertical altitude of a peripheral marker varies periodically. Because the wheel returns to its identical
spatial configuration after a complete 360° circle, the geometric profile replicates itself perfectly every
27 radians, establishing a period of 2.
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» Concept Check — Lesson 8 Practice

1. A structural component on an industrial waterwheel moves periodically over time. A tracking
sensor notes that the component reaches its absolute maximum height of 6 meters at t = 2 seconds,
drops to its absolute minimum height of 0 meters at ¢ = 8 seconds, and returns to its maximum
height at t = 14 seconds. State the exact period length of this periodic function:

A. 6 seconds
B. 12 seconds
C. 14 seconds

2. An analyst evaluates a continuous periodic graph that replicates its exact geometric pattern over
matching horizontal domain intervals of length 4. Suppose it is verified that f(1) =5 and f(3) =
—2.

(a) Determine the exact functional outputs for f(5) and f(9).
(b) Calculate the value of f(—1) and justify your answer using the algebraic definitions of periodic

recurrence.

3.2.2 Lesson 9: Introduction to Trigonometric Functions
1. Core Mathematical Concepts

By placing an angle 6 in standard position on the Cartesian plane—with its vertex at (0,0) and its initial
ray fixed along the positive z-axis—its terminal ray intersects the **Unit Circle®* (22 + y? = 1). This
intersection allows for the formal definition of sine and cosine as functions of a real number domain.

Functional Coordinate Mapping on the Unit Circle

For any angle 6 in standard position, let its terminal ray intersect the perimeter of the unit circle at a
unique coordinate point P(x,y):

1. The Cosine Function: Maps the independent angle input 6 directly to the horizontal x-
coordinate of the terminal intersection point:

f(0) =cos(f) =x

2. The Sine Function: Maps the independent angle input 6 directly to the vertical y-coordinate of
the terminal intersection point:

9(0) =sin(0) =y

Both functions have a continuous range bounded exactly by the interval [—1, 1].

L J

2. Classical Instructional Frameworks

e Projecting Coordinates into Waveforms: As a terminal point rotates counterclockwise around the
unit circle through the interval [0, 27|, tracking its vertical y-component and unfolding it horizontally
across an axis traces the standard sine curve y = sin(#), which starts at (0,0). Tracking its horizontal
x-component traces the cosine curve y = cos(€), which starts at its maximum value (0, 1).
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» Concept Check — Lesson 9 Practice

1. When a terminal ray is rotated to an angle of § = § radians, it intersects the unit circle at the
coordinate point (0,1). Identify the correct values for the corresponding trigonometric functions:

A. sin <g) 0, cos (g) =1
B. sin (g) 1, cos (g) =0

C. sin (g) =1, cos (g) =1

2. The terminal ray of an angle « in standard position resides within Quadrant II and intersects the
unit circle at a point with a horizontal coordinate of x = —
(a) Apply the Pythagorean Identity (cos?(a)+sin?(a) =1
coordinate y.
(b) State the exact values of both cos(c) and sin(a).

~ o

to find the exact value of the vertical

3.2.3 Lesson 10: Beyond 27
1. Core Mathematical Concepts

Real-world tracking scenarios often involve continuous or multi-loop rotation (such as a Ferris wheel com-
pleting multiple revolutions). Consequently, the input angle 6 for trigonometric functions can accumulate
values far beyond a single 27 radian (360°) circle.

Multi-Rotational Equivalence and Identical Terminals

When an input angle exceeds 27, the terminal ray travels around the unit circle more than once. Because
each full rotation returns the ray to the exact same physical coordinates, the trigonometric outputs
repeat:

sin(f 4+ 27) =sin(f) and cos(f + 27) = cos(6)

For any integer number of full rotations n (where n € Z):

sin(f + 27n) =sin(f) and cos(f + 27n) = cos(H)

2. Classical Instructional Frameworks

e The Multi-Revolution Ferris Wheel track: A passenger car rotates counterclockwise around a
circular track. If the system rotates through a total angle of %T” radians, this can be factored into
27 + 7. This indicates that the wheel completed one full revolution and continued for an additional

7 radians. Therefore, the passenger’s height matches their position at 7 radians.
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» Concept Check — Lesson 10 Practice

1. Evaluate the exact output value of cos (1%”) Identify the correct algebraic simplification step and

A. cos (1?:) = cos (27‘(’ + %) = cos (%) = \f

1
B. cos (?) = cos <7r + 767T> = COoS <7ér> = —\gg
C. cos <6> = cos (27T + 6) = sin <€ =

2. Suppose that an angle 6 in standard position terminates in Quadrant I and satisfies sin(6) = 0.6.
(a) State the exact value of sin(f + 27).
(b) State the exact value of sin(f + 67) and justify your conclusion using the mathematical
properties of coterminal rotations.

result:

3.2.4 Lesson 11: Extending the Domain of Trigonometric Functions
1. Core Mathematical Concepts

To model physical processes that move in reverse or trace negative inputs, trigonometric functions must
accommodate negative angle values. Defining clockwise rotations maps negative real numbers to valid
coordinates on the unit circle, extending the domain of sine and cosine to (—o0, 00).

Clockwise Rotations and Reflection Symmetries

Extending trigonometric analysis across all real numbers relies on standard directional conventions and
parity relationships:
« Rotational Conventions: Rotations tracking counterclockwise define positive angles (6 > 0).
Rotations tracking clockwise define negative angles (6 < 0).
e Coterminal Equivalence: Any negative angle —« can be synchronized to a positive coterminal
angle on the unit circle by adding integer multiples of 27: § = —a + 27n.
o Parity Symmetries: Reflecting a point across the horizontal axis highlights the geometric prop-
erties of the functions:

sin(—f#) = —sin(f#) (Odd Function) and cos(—0) = cos(f) (Even Function)

2. Classical Instructional Frameworks

e The Reversing Mechanical Gear Network: In a dual-gear drivetrain, when the primary driver
gear rotates counterclockwise through an angle of 6, the driven gear is forced to rotate clockwise at an
equal rate. To model the position of a marker on the second gear, the rotation is defined as a negative
angle (—6). This extends the functional inputs across the negative real number line.
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» Concept Check — Lesson 11 Practice

1. An engineer records a rotational parameter at a negative angle of —% radians. Identify the positive

angle within the interval [0, 27] that shares the exact same terminal ray position on the unit circle:

A. T radians
3

2
B. il radians
3
5
C. o7 radians
3
2. Consider the verified reference metrics cos (%) = @ and sin (%) = g

(a) Determine the exact value of cos (—7).

(b) Determine the exact value of sin (—7).

(¢) Use the symmetry of coordinate reflections across the horizontal z-axis on the unit circle to
explain why cos(—#) = cos(f) holds true for all real values.

3.2.5 Lesson 12: Tangent
1. Core Mathematical Concepts

Beyond tracking separate horizontal and vertical coordinates, modeling periodic processes often requires
evaluating the relative slope of a terminal ray. This ratio introduces the third primary trigonometric function:
the tangent function.

The Tangent Function: Slope and Asymptote Analysis

For any angle 6 where its terminal ray intersects the unit circle at point P(x,y), the tangent function is
defined as the ratio of the vertical component to the horizontal component:

sin(6)

tan(0) = cos(0)

Y (provided x # 0)
x

o Geometric Slope Identity: The output value of tan(f) equals the mathematical slope of the
line containing the terminal ray.

o The Shortened Period (7): Because a line’s slope repeats every half-revolution, the tangent
function cycles twice as fast as sine or cosine, giving it a period of exactly m: tan(6 + ) = tan(6).

¢« Domain Restrictions and Vertical Asymptotes: Tangent is undefined wherever the horizontal
coordinate equals zero (cos(#) = 0). This constraint results in vertical asymptotes at odd multiples
of 3:

oo

0= 5 + 7k (where k € Z)

2. Classical Instructional Frameworks

e The Rotating Lighthouse Slope Tracker: Imagine a lighthouse beam rotating at the origin and
shining out across the water. The geometric slope of the beam changes continuously as it spins.
As the beam approaches a vertical position (near 7), its slope grows infinitely large; when it points
horizontally (at 7), its slope returns to 0. This repeating variation outlines the broken, vertical curves

of the tangent graph.
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» Concept Check — Lesson 12 Practice

1. Evaluate the outputs of the tangent function using the known special values of sine and cosine.
Determine the correct values for tan %) and tan(7):

(
A. tan (%) =1, tan(m)=0
B. tan (%) = \f, tan (1) = —1
C. tan (%) =1, tan(m) is undefined

2. The tangent function exhibits domain discontinuities where its algebraic ratio requires division by
zZero.
(a) Identify all distinct input values for 6 within the interval [0, 27] where tan(f) is undefined.
(b) Describe how the output values of tan(f) behave as the input angle 6 increases through the
first quadrant and approaches § from the left.

3.2.6 Lesson 13: Some New Ratios
1. Core Mathematical Concepts

The primary trigonometric functions (sin, cos, and tan) can be mathematically inverted to generate the
reciprocal trigonometric ratios: cosecant (csc), secant (sec), and cotangent (cot). These ratios inherit domain
discontinuities based on the locations of zero-outputs in the primary functions.

The Reciprocal Trigonometric System

For any real angle input # where denominators are non-zero, the three reciprocal functions are formal
definitions of proportional inverses:
o Cosecant Function (csc(f)): Defined as the reciprocal of the sine function:
1 1

cl0) = 5@ = 3

It forms vertical asymptotes at integer multiples of 7 (where sin(f) = 0).
o Secant Function (sec(f)): Defined as the reciprocal of the cosine function:
1

1
sec(6) = cos()  x

It forms vertical asymptotes at odd multiples of 5 (where cos(0) = 0).
o Cotangent Function (cot(#)): Defined as the reciprocal of the tangent function:
1 cos(f) =

cot(6) = tan(f)  sin(f) - y

It forms vertical asymptotes wherever the vertical coordinate y is equal to zero.
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2. Classical Instructional Frameworks

» Reciprocal Extraction at Key Boundaries: Consider a terminal point at an angle of § = & radians

in Quadrant I, where sin(g) = 0.5 and cos(g) = \/75 Inverting these yields csc(g) = 0%5 = 2,
and sec(g) = \% = %3 ~ 1.15. Because tan(g) = ig, its inverse cotangent evaluates exactly to
cot(%) = V3~ 1.73.

» Concept Check — Lesson 13 Practice

1. A structural calculations spreadsheet requires evaluating a reciprocal ratio model at a terminal
boundary angle of § = 7 radians. Determine the exact output value for the function f(6) = sec(6):

A sec(m) =1
B. sec(m) = —1

C. sec(m) is undefined due to a vertical asymptote

2. Let a unit circle terminal ray rotate into standard operational quadrants.
(a) State the exact values of sec(0), csc (%), and cot (7).
(b) Explain from an algebraic standpoint why the outputs of y = csc(f) can never exist strictly
within the open vertical range (—1,1).
(c) Identify all distinct horizontal intercept locations (f-intercepts) for the cotangent function
y = cot(f) within the closed domain domain [0, 27].
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3.3 Section C: Trigonometry Transformations

This section expands the algebraic analysis of trigonometry by examining how systematic modifications
to function definitions transform their graphs. Based on the Illustrative Mathematics curriculum framework,
it explores horizontal and vertical translations, scaling transformations, and domain changes. Key concepts
include identifying midline and amplitude transformations, applying horizontal compressions or stretches to
change graph periods, analyzing phase adjustments, and developing parametric models for circular motion,
such as tracking windmill blades and carousels.

3.3.1 Lesson 14: Amplitude and Midline
1. Core Mathematical Concepts

Vertical transformations of trigonometric functions map physical constraints (such as the size of a rotating
wheel or its mounting height) directly to key graphical features. These parameters explicitly reshape the
baseline waves of the parent functions y = sin(f) and y = cos(6).

Vertical Stretch and Translation Metrics

When a trigonometric wave is vertically transformed to model structured environmental data, its pa-
rameters are explicitly derived from the output limits:
1. The Midline (y = D): The central horizontal axis representing the vertical equilibrium position
of the wave pattern. It indicates a uniform vertical shift applied to all coordinate pairs and is
determined by averaging the maximum and minimum boundaries:

D Maximum Value + Minimum Value
N 2

2. The Amplitude (A): The absolute vertical distance or maximum displacement measured from
the midline reference axis to either a peak or a trough. It acts as a vertical scale factor that
expands or compresses the function’s range:

~ Maximum Value — Minimum Value

A= 5 = Maximum Value — D

3. Functional Template: Combining these vertical parameters updates the standard structural
framework to:

y=A-sin(f)+D or y=A-cos(d)+ D

2. Classical Instructional Frameworks

o The Scaled Bicycle Wheel Tracking Profile: Consider a bicycle wheel with a radius of 11 inches
positioned so its lower edge rolls smoothly along the ground baseline (y = 0). The height of a point
marked on the tire perimeter fluctuates continuously between a minimum of 0 inches and a maximum
height of 22 inches (the full tire diameter). This system establishes a vertical center line or midline at
y=D= @ = 11 inches. The maximum displacement from this midline reveals a vertical amplitude
of A =22 — 11 = 11 inches, yielding the transformed model h() = 11sin(0) + 11.
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» Concept Check — Lesson 14 Practice

1. A structural calculation requires analyzing a wave signal modeled by a trigonometric equation on
an oscilloscope grid. A technician identifies that the function has an absolute midline line located
at y = —5 and exhibits a maximum vertical amplitude metric of 2. Select the correct function
equation matching this description:

A.y=>5sin(f) — 2
B. y =2sin(f) — 5
C.y=2cos(f) +5

2. An industrial mechanical system features an elevated tracking point whose vertical position fluc-
tuates periodically over time.
(a) For the function equation y = 1.4sin(6)+3.5, state the exact numerical amplitude and midline
equation.
(b) For the function equation y = cos(f) — 5, state the exact numerical amplitude and midline
equation.
(c) Calculate the absolute maximum and minimum outputs generated by the transformed model
y = 2sin(6) — 3.

3.3.2 Lesson 15: Transforming Trigonometric Functions
1. Core Mathematical Concepts

Trigonometric functions can be modified using multiple simultaneous transformations, including vertical
scaling, midline shifts, and horizontal phase translations. Adding a constant directly to the independent
variable shifts the graph horizontally, altering the initial tracking positions at 8 = 0.

Simultaneous Translations and Phase Adjustments

When combining vertical adjustments with horizontal shift operations within a single function architec-
ture:

o Horizontal Phase Translations (C): Replacing the independent variable argument 6 with
(0 + C) shifts the entire waveform horizontally along the axis. If C' > 0, the graph shifts to the
left by C' units; if C' < 0, the graph shifts to the right by |C| units.

o Input Angle Adjustments: A horizontal translation shifts key features of the wave (such as
intercepts, peaks, or troughs) to new angular coordinates. For example, the transformation y =
sin(@ + %) shifts the standard sine wave left by 7 units, causing its shape to align perfectly with
the standard cosine wave graph, y = cos(6).

2. Classical Instructional Frameworks

e The Pre-Rotated Windmill Tracking Hub: A mechanical engineer models the height of a point
on a windmill blade using the function v(#) = 11+ 2sin(6 + 7). Analyzing the parameters reveals that
the center hub sits at a midline elevation of 11 meters above the ground, and the blade has a radius
of 2 meters. At the initial position (6 = 0), the argument becomes (0 + §) = 5. Because sin(3) = 1,
the point starts at its maximum vertical position: v(0) = 11 + 2(1) = 13 meters.
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» Concept Check — Lesson 15 Practice

1. An analyst evaluates various horizontal translations of trigonometric wave profiles. Identify which
expression produces output values that match y = cos(f) exactly at the key test inputs § =

s 3.
0,5,m, and =F:

A. sin (0 — g)
B. sin (9 + g)
C. sin(6 + )

2. A point P at the end of a windmill blade rotates counterclockwise. The vertical position of P is
described by the equation h(#) = 1.5sin(0 + F) + 6.
(a) State the length of the windmill blade and the height of its center hub above the ground
baseline.
(b) Determine the initial height of point P at the starting position where § = 0.
(c) Identify which of the following equations matches the graph shown below, which has an
s

amplitude of 2 and passes through (0,0) but is shifted horizontally: y = 2sin(f — %) or
y = 2cos(f — 7). Justify your choice.

3.3.3 Lesson 16: Features of Trigonometric Graphs (Part 1)
1. Core Mathematical Concepts

Introducing a horizontal scale factor inside the input argument of a trigonometric function adjusts its fre-
quency and changes its period. This transformation compresses or stretches the wave along the horizontal
axis, altering how long it takes to complete a full cycle.

Horizontal Scaling and Frequency Adjustments

When a multiplier coefficient B is applied directly to the independent variable in a periodic function:

1. Horizontal Compression (|B| > 1): The graph completes cycles more rapidly. For example, in
y = sin(260), multiplying the input by 2 compresses the wave horizontally by a factor of % This
causes the function to complete two full periods within the same domain span that the parent wave
requires for a single cycle.

2. Horizontal Stretch (0 < |B| < 1): The graph completes cycles more slowly, stretching the wave
horizontally along the axis.

3. The Domain Interval Table Method: To plot horizontal scaling transformations accurately,
structural tracking key points can be identified by evaluating fractional increments of the modified

period, such as setting up values for 20 equal to 0, 5, 7, 37”, and 2.

2. Classical Instructional Frameworks

o The Frequency Evaluation of y = sin(26): Let us analyze the input values for the horizontally
compressed function y = sin(260) over the domain interval [0, 7]. When 6 = 0, sin(2 - 0) = sin(0) = 0.
When 6 = %, the argument evaluates to 2(3) = 7, giving a peak output of sin(5) = 1. When
6 = 7, the argument reaches 7, giving sin(7) = 0. When 0 = 3}{, the argument evaluates to 37”,

giving a minimum output of —1. Finally, when 6§ = 7, the argument reaches 2x, returning to 0. This
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demonstrates that a full wave cycle is completed over a horizontal span of exactly 7 radians.

» Concept Check — Lesson 16 Practice

1. Review the properties of the function equations f(z) = cos(z) and g(x) = cos(5x). Select the
statement that accurately describes the structural relationship between their graphs:

A. The graph of g is stretched horizontally by a factor of 5 relative to f.

1
B. The graph of g is compressed horizontally by a factor of 3 relative to f.

C. The graph of g has five times the vertical amplitude of f.

2. Consider the scaled periodic function defined by the equation y = cos(36).

(a) Construct a tracking data table evaluating the exact outputs of y = cos(360) at the following
input coordinates: ¢ =0, 5, 5, 5, and 2%

(b) State whether this graph appears horizontally compressed or horizontally stretched compared
to the standard parent curve y = cos(6).

(c) Identify which of the functions has a horizontal period exactly equal to 7: y = sin(§) or

y = sin(2x).

3.3.4 Lesson 17: Features of Trigonometric Graphs (Part 2)
1. Core Mathematical Concepts

The horizontal period of a transformed sine or cosine function is inversely proportional to the coefficient B
within the input argument. This relationship allows for the calculation of the exact frequency multiplier
needed to synchronize a model with real-world tracking intervals.

The General Period Formula

For any transformed sinusoidal function where the independent variable is scaled by an internal coefficient
B:

¢ The Fundamental Relationship: Because the parent trigonometric functions have a natural in-

trinsic period of 27 radians, the modified period P of the transformed graph is explicitly calculated

as:
2

|B|
o Deriving the Coefficient (B): Conversely, if a periodic process completes a full cycle over a

known horizontal interval or time span P, the required internal frequency multiplier B is found
using:

P—

2
B="
P

This allows for modeling periodic data that cycles over real-world periods, such as a set number
of seconds, minutes, or hours, instead of standard radian values.

. J

2. Classical Instructional Frameworks

« The High Roller Las Vegas Ferris Wheel Model: A passenger car on the high roller Ferris
wheel follows the height model f(t) = 275+ 260 sin(%t), where ¢ is measured in minutes. The midline
equation y = 275 feet indicates the elevation of the center hub, and the amplitude A = 260 feet matches
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the wheel’s radius, establishing a vertical range from 15 feet to 535 feet. Isulating the internal argument

shows a frequency multiplier of B = %—g. Applying the period formula gives P = 27?730 = 30 minutes,

which means the wheel requires exactly 30 minutes to complete one full revolution.

» Concept Check — Lesson 17 Practice

1. A bicycle wheel’s rotational height is modeled by the function f(¢) = 13.5sin(5 - 27t) + 20, where
t is measured in seconds. Determine the exact structural meaning of the multiplier parameter 5
in this tracking context:

A. The wheel completes one full revolution every 5 seconds.
B. The wheel executes exactly 5 complete revolutions per second.

C. The wheel has an absolute vertical radius measuring 5 inches.

2. Let a periodic wave function be defined by the transformed structure f(t) = cos(nt).
(a) Calculate the exact horizontal period length P of this function.
(b) Sketch a graph of f(t) = cos(wt) over the domain interval [0, 4].
(¢) Find the correct frequency parameter B required to construct a sine function that exhibits a
period length of exactly 5.

3.3.5 Lesson 18: Comparing Transformations
1. Core Mathematical Concepts

Transformed trigonometric graphs can be expressed using alternative mathematical formulations due to the
periodic and symmetric properties of sine and cosine waves. A single graphical curve can be represented
by multiple equivalent equations by altering the choice of parent function or applying horizontal shifts and
reflections.

Equivalent Structural Formulations

When analyzing or matching a transformed periodic graph, multiple valid equations can be derived by
changing the sequence or type of transformations:

1. Order of Horizontal Operations: A transformed argument can be written in factored form,
Asin(B(z — C)), or expanded form, Asin(Bz — ¢). Factoring out the coefficient clarifies that the
linear horizontal shift along the axis is C', where C' = %.

2. Sine and Cosine Interplay: Because a sine wave is identical to a cosine wave shifted horizontally
by a quarter-period (7 units), any sinusoidal graph can be modeled using either function by
adjusting the horizontal translation parameter.

3. Reflectional Equivalences: A horizontal translation can also be represented as a vertical re-
flection across the midline by introducing a negative coefficient, leveraging identities such as

cos(z + m) = — cos(x).

2. Classical Instructional Frameworks

e The Multi-Equation Extraction Challenge: Consider a transformed periodic graph with an
amplitude of 0.5, a midline at y = 2.5, a period of § (B = 4), and a minimum located at x = 0. If we
choose a sine function template, a standard sine wave has a minimum at —7, so we must shift it right by

% units relative to a frequency of 4. This yields the factored equation y = 0.5sin(4(x — §)) +2.5, which
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expands to y = 0.5sin(4x—75)+2.5. Alternatively, because a negative cosine wave starts at its minimum
at x = 0, the exact same graph can be modeled without a horizontal shift as y = —0.5 cos(4z) + 2.5.

» Concept Check — Lesson 18 Practice

1. An analyst evaluates a transformed trigonometric graph and notes that it represents a vertical
amplitude of % and a horizontal period of 1. Identify all equations that accurately represent this
specific graph:

A y= gcos(%rx)
3 .
B.y= = sin(2mx)
3
C.y= Esin (2mx + )

2. Let a transformed target function be defined by the algebraic expression f(x) = 4 + 2sin(7x).
(a) Write an equation for a new function g(z) constructed by translating the graph of f(x) left
by 7 units and down by 1 unit.
(b) List the sequential steps required to transform the parent graph y = sin(x) into the curve
defined by y = 1 sin(4(z — %)) + 2.5.

3.3.6 Lesson 19: Modeling Circular Motion
1. Core Mathematical Concepts

Modeling circular motion over time requires integrating angular velocity into the trigonometric input argu-
ment. When tracking an object moving along a circular path (such as a person on a carousel or a point on
a spinning flywheel), time ¢ serves as the independent variable, while the horizontal and vertical positions
are determined by the radius and rotation speed.

Kinematic Modeling of Circular Systems

For an object moving at a constant speed along a circular track of radius r centered at coordinates
(X, Yo):
o Angular Velocity Coefficient (w): If the system completes a full rotation over a time period T,
the angular speed parameter is defined as w = 2% This terms scales the independent time variable
t within the trigonometric argument.
e« Parametric Coordinate Equations: The spatial position of a tracking point at any time ¢ is

modeled by separating its horizontal and vertical components:
Horizontal Location: z(t) = r - cos(wt + 6p) + X,

Vertical Location: y(t) = r - sin(wt + 6p) + Yo

Here, 0y represents the initial angular position of the point at time ¢t = 0.

2. Classical Instructional Frameworks

¢ The Amusement Park Carousel Network: A carousel with a radius of 20 feet centers at the

origin (0,0) and rotates counterclockwise, completing a full revolution every 10 seconds (w = %r =I).
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Passenger Jada boards a horse at the rightmost position, corresponding to an initial angle of 0 radians.
Her horizontal position over time is modeled by xz(t) = 20cos(§t). Passenger Noah boards a horse
located a quarter-turn ahead of Jada, corresponding to an initial angle of § radians. His vertical
position over time is modeled by y(t) = 20sin(%t + §), which simplifies to y(t) = 20 cos(%t).

» Concept Check — Lesson 19 Practice

1. A passenger seat’s vertical position on a spinning Ferris wheel is modeled over time by the equation
h(t) = 100sin(—3 + 2) + 110, where t is measured in minutes. Select the statement that correctly
identifies a structural parameter of this system:

A. The Ferris wheel has a radius of 110 feet and completes a loop every 10 minutes.
B. The Ferris wheel has a radius of 100 feet and completes a loop every 10 minutes.

C. The Ferris wheel has a radius of 100 feet and completes a loop every 2 minutes.

2. A point P marked on a spinning windmill blade traces a path defined by the vertical function
y=95 sin(%’rt) + 20, where time t is reported in seconds.

(a) State the length of the windmill blade and calculate how many seconds are required to com-
plete a full revolution.

(b) Determine the total linear distance traversed by point P along its circular path during a
continuous tracking window of 24 seconds.

(¢) Suppose a different carousel passenger’s horizontal position is modeled by the equation d(t) =
15cos({st — ). Extract the radius of this carousel and determine its full revolution period
length.
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3.4 Section D: Beyond Circles

This section expands the application of trigonometric functions beyond simple circular paths to model
general periodic real-world phenomena. Aligned with the Illustrative Mathematics curriculum, it focuses
on analyzing more complex modeling scenarios where inputs represent physical variables like time or dis-
tance, and parameters like amplitude, midline, and horizontal frequency are integrated to approximate data,
evaluate physical constraints, and interpret environmental cycles.

3.4.1 Lesson 20: Beyond Circles
1. Core Mathematical Concepts

Trigonometric models can be generalized to fit any data that varies periodically over time or distance. By
identifying the geometric boundaries, periods, and initial alignments from a physical situation, all parameters
can be extracted to fit the comprehensive sinusoidal structural template:

y=A-sin(Bt—C))+D or y=A-cos(B(t—C))+D

Generalized Parameter Interpretation for Real-World Data

When moving beyond simple coordinate geometries on a unit circle, parameters represent specific phys-
ical traits of the periodic system:
1. Vertical Midline (D): Represents the baseline equilibrium position or average value around
which the system fluctuates. It is calculated as:

D_ Maximum Value + Minimum Value
N 2

2. Vertical Amplitude (A): Represents the maximum deviation or radius of change away from the
steady-state baseline. It is calculated as:

Maximum Value — Minimum Value

A=
2

3. Horizontal Frequency Multiplier (B): Normalizes the natural 27 period of the parent wave
to match the system’s real-world cycling period P. It is defined as:

_271'

B
P

4. Horizontal Phase Shift (C): Represents a time delay or spatial displacement needed to match
the initial state of the process at t = 0.

L J

2. Classical Instructional Frameworks

e« The Spinning Bicycle Wheel Marker System: A bicycle tire has a radius of 10 inches and
completes exactly 3 full revolutions per second. A marker point P on its perimeter is tracked using the
function y = 10 - sin(67t + 5) 4 10. Factoring the inner argument reveals y = 10 - sin(67 (¢ + 15)) + 10.
The midline (D = 10) and amplitude (A = 10) ensure the tire stays on the ground, bouncing between
0 and 20 inches. The horizontal factor B = 67 yields a period of P = g—; = % of a second, validating

that the wheel completes 3 full rotations every second.
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» Concept Check — Lesson 20 Practice

1. The vertical position of a seat on an automated amusement park Ferris wheel is described over
time by the equation f(¢) = 80sin (%) + 95, where time ¢ is measured in seconds and output
heights are reported in feet. Determine the true statement regarding a modified Ferris wheel that
is the exact same size but spins twice as quickly:

A. The new midline equation becomes y = 190.
2
B. The new internal frequency multiplier parameter becomes B = %

C. The new vertical amplitude becomes A = 160.

2. A structural windmill model features spinning blades that rotate at a constant speed. A point P
marked on the tip of one blade reaches a maximum height of 10 meters above the ground surface
and drops to a minimum clearance height of 2 meters.

(a) Calculate the explicit vertical midline axis D and the absolute blade radius length A for this
system.

(b) If the windmill completes a full revolution every 8 seconds, determine the exact horizontal
multiplier coefficient B.

(c) Write a complete model equation using a negative cosine template, h(t) = —Acos(Bt) + D,
assuming the point starts at its lowest point at time ¢t = 0.

91



Spring 2026 Algebra II Review

CLASS NOTES

Name: Date: Topic:

92



Spring 2026 Algebra II Review

CLASS NOTES

Name: Date: Topic:

93



Chapter 4

Unit 8: Statistical Inferences

4.1 Section A: Study Types

This section establishes the foundational principles of statistical data collection and empirical research
design. It systematically introduces the core methodologies required to formulate valid research projects,
focusing on the categorical classification of studies, the alignment between analytical objectives and opera-
tional frameworks, and the mathematical implementation of randomness. By evaluating surveys, observa-
tional studies, and controlled experiments, this section develops the criteria necessary to distinguish between
simple statistical association and rigorous causal inference.

4.1.1 Lesson 1: Being Skeptical
1. Core Mathematical Concepts

Statistical literacy requires a critical evaluation of how data is sampled, collected, and reported. When
interpreting research claims, a mathematical investigator must evaluate the structural validity of the study
design to uncover latent biases or systematic errors that challenge the integrity of the statistical conclusions.

Critical Evaluation of Statistical Claims

To assess whether a statistical assertion provides valid insight or warrants scientific skepticism, an
investigator must systematically audit five structural metrics:
1. Sample Composition: The group of selected subjects must mirror the demographic distributions
and essential characteristics of the broader target population.
2. Data Collection Context: The operational environment and circumstances under which metrics
are recorded must be consistent and insulated from confounding variables.
3. Instrument Neutrality: Questionnaires, prompts, and evaluation criteria must be drafted with-
out leading language, emotional priming, or cued suggestions that intentionally guide responses.
4. Analytical Fairness: Graphic displays and calculated statistics must utilize objective baselines,
proportionate scales, and unbiased parameters to avoid distorting real data distributions.
5. Sample Adequacy: The size of the sample must be large enough to minimize sampling variability
and ensure that observed effects are not due to mathematical chance.

94



Spring 2026 Algebra II Review

2. Classical Instructional Frameworks

o The Evaluative Survey Protocol: Suppose an educational administrator wants to investigate the
statistical question: "What is the average number of hours high school students spend on homework
each night?”

If the administrator distributes an optional online survey to a single honors calculus class, the design
is structurally flawed. The sample exhibits severe selection bias because honors calculus students do
not represent the general student body, and an optional online medium introduces voluntary response
bias.

To fix this design, the administrator must gather a complete roster of all students in the district, apply
a random number generation process to select 150 participants, and conduct neutral, mandatory
structured interviews to collect unbiased data.

» Concept Check — Lesson 1 Practice

1. A national fitness magazine prints a prominent headline stating: "88% of Americans Exercise for
More Than Two Hours Daily.” A close review of their methodology indicates that investigators
gathered data by interviewing 400 individuals leaving a luxury commercial training facility in New
York City. Select the primary structural flaw that invalidates this statistical claim:

A. The sample size of 400 individuals is mathematically too small to yield precise percentages.

B. The sample composition is unrepresentative because individuals leaving a luxury gym do not
reflect general national fitness behaviors.

C. The question contains leading and cued phrasing that alters how respondents answer.

2. A consumer advocacy organization reviews a statistical study published by an auto-insurance
provider claiming that its clients ”experience 40% fewer mechanical breakdowns than drivers with
competing plans.”

(a) Formulate a critical statistical question a skeptical researcher should ask regarding the pa-
rameters used to compute the 740% fewer breakdowns” claim.

(b) Suppose the insurer collected its data exclusively from brand-new luxury sedans under war-
ranty, while the data for competing plans came from older, high-mileage utility vehicles.
Explain how this data collection context creates a misleading conclusion.

(c) Design a neutral, alternative data-collection prompt that could be distributed across a broad
DMV database to objectively assess vehicle breakdown rates.

4.1.2 Lesson 2: Study Types
1. Core Mathematical Concepts

Empirical research questions generally aim to either describe the current characteristics of a group or isolate
a causal link between an active factor and a measured response. To obtain appropriate data, researchers
classify their primary study designs into three distinct operational categories.
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Taxonomy of Empirical Study Designs

The selection of a research design depends on the level of intervention required and the nature of the
statistical inquiry:

e Survey: A data collection instrument consisting of a predefined series of structured questions ad-
ministered to a sample of individuals to capture self-reported behaviors, opinions, or demographic
profiles.

¢ Observational Study: An empirical investigation where the researcher monitors and records
variables within a sample as they naturally occur, without manipulating, treating, or altering the
environment or the subjects.

e« Experimental Study: A highly controlled framework where the researcher deliberately imposes
a specific condition (known as a treatment) onto one or more groups of subjects and measures their
responses against a baseline or control group to verify a causal link.

2. Classical Instructional Frameworks

e The Blue-Light Exposure Analysis: Consider an investigation into how viewing electronic screens
right before bed affects deep sleep duration.
If an investigator reviews medical files and notes that people who report high screen use also experience
low deep sleep, the project is an observational study. The investigator is capturing pre-existing lifestyle
behaviors without introducing changes. Because it is observational, this design cannot establish cau-
sation due to potential confounding variables like stress or caffeine consumption.
To transition this to an experimental study, the researcher must recruit volunteers and systematically
divide them into treatment blocks. One block is required to read a physical paper book for 60 minutes
before bed, while the other block is required to view a high-intensity tablet screen for 60 minutes. Be-
cause the researchers directly manipulate screen exposure while keeping other bedtime factors constant,
any observed difference in sleep metrics can be directly attributed to blue-light exposure.

» Concept Check — Lesson 2 Practice

1. A botanist wants to evaluate if a new organic fertilizer compound speeds up the growth of tomato
plants. The botanist selects 100 identical seedlings, treats 50 of them with the organic fertilizer,
and leaves the remaining 50 in untreated control soil, maintaining identical watering cycles for
both groups. Identify the proper classification of this study design:

A. Survey
B. Observational Study
C. Experimental Study

2. A public health database tracks 5,000 adults over five years to explore the relationship between
daily step counts and cardiovascular health scores. The data shows that individuals who naturally
take more than 10,000 steps per day have significantly better cardiovascular profiles than those
who take fewer than 4,000 steps.

(a) Classify whether this data collection format represents a survey, an observational study, or
an experiment, and justify your answer based on researcher intervention.

(b) A health blog reviews this data and posts the headline: ”Walking 10,000 Steps Directly
Cures Heart Issues.” Explain why this definitive statement contains a logical error based on
the limitations of the design.

(c) Outline a valid experimental configuration that could be implemented to test if an active
walking routine directly improves cardiovascular health metrics.
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4.1.3 Lesson 3: Randomness in Groups
1. Core Mathematical Concepts

To draw valid inferences from a sample to a broader population, or to ensure that experimental groups
are truly comparable, randomness must be integrated into the research design. Randomization utilizes
mathematical chance to neutralize selection bias and spread personal or environmental differences evenly
across groups.

The Two Crucial Phases of Randomization

Randomization serves two entirely separate, mathematically critical roles in statistical research:

1. Random Selection: The process of picking individuals from a target population to build a sample,
ensuring that every individual has an equal chance of being chosen. This maximizes population
representation and allows researchers to generalize their final conclusions.

2. Random Assignment: The process of distributing the individuals within a sample into separate
experimental treatment blocks using a chance-based method. This distributes potential confound-
ing variables (such as age, diet, motivation, or genetic traits) evenly across the groups, isolating
the applied treatment as the sole cause of any measured differences.

2. Classical Instructional Frameworks

e The Vocabulary Acquisition Experiment: A cognitive psychologist designs an experiment to com-
pare the efficacy of two separate learning techniques: interactive flashcard software versus traditional
reading lists. The psychologist recruits 80 high school volunteers.

If the psychologist permits students to choose their preferred method, or places all the freshman in
one group and all the seniors in another, the experiment is compromised. The groups are uneven from
the start; any differences in test performance could be driven by age or motivation rather than the
learning tools.

To eliminate these confounding variables, the psychologist must use random assignment: each student’s
ID number is typed into a software program that assigns them to either the software or the reading-
list block with a 50% probability. This evens out baseline learning speeds and motivation across both
groups.
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» Concept Check — Lesson 3 Practice

1. A sports trainer wants to test if a new electrolyte drink improves sprinting times compared to
plain water. The trainer assigns 15 elite varsity track athletes to the electrolyte drink group and
15 recreational fitness walkers to the plain water group. Identify why this group configuration is
statistically flawed:

A. The total sample size is too large to properly compute group variance metrics.

B. The groups possess systematic differences in fitness levels from the start, confounding the
drink type with athletic ability.

C. The configuration fails to utilize a double-blind graphical histogram scale.

2. A sociologist wants to determine the true percentage of working adults in a state who work remotely
at least two days a week. She reviews several methods to select 200 participants.

(a) Explain the specific statistical bias introduced if the sociologist selects her 200 participants
by interviewing commuters at a urban rail platform during morning rush hour.

(b) Describe a mathematically valid random selection protocol that utilizes state employment
records and a random number generator to construct a representative sample.

(c) If the sociologist successfully implements a true random selection process, explain what sta-
tistical inference she can make regarding the broader population of working adults in the
state.
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4.2 Section B: Distributions

This section transitions from the methodology of gathering data to the mathematical structures used
to analyze and model data distributions. It systematically covers techniques for describing continuous
distributions, formalizes the geometric properties of the symmetric normal distribution, and bridges the
relationship between empirical histograms and continuous theoretical density curves. By calculating relative
frequencies through area-under-the-curve models, this section develops the analytical frameworks necessary
to predict outcomes, establish percentiles, and evaluate data variability.

4.2.1 Lesson 4: Describing Distributions
1. Core Mathematical Concepts

Quantitative summaries of continuous data networks require evaluating their geometric profiles. Character-
izing data distributions involves analyzing three central architectural structural benchmarks: shape, measure
of center, and measure of variability.

Structural Parameters of Continuous Distributions

When data values are plotted along a continuous scale, their geometric distribution displays defining
attributes:

1. Shape Symmetry and Skewness: A distribution can be symmetric (bell-shaped or uniform,
where left and right halves mirror each other) or skewed. In a right-skewed distribution, a long tail
extends toward larger positive values, pulling the mean higher than the median (Mean > Median).
In a left-skewed distribution, a long tail extends toward smaller values, pulling the mean lower
than the median (Mean < Median).

2. Measures of Center: The numerical balance points of the system. The mean represents the
arithmetic center of gravity, while the median marks the exact 50th percentile checkpoint.

3. Measures of Variability: The spatial dispersion of data points. For heavily skewed profiles,
variability is measured using the Interquartile Range (IQR = @3 — @1). For symmetric profiles,
variability is modeled via the standard deviation (o), capturing average deviations from the central
mean.

2. Classical Instructional Frameworks

e The Industrial Asset Lifecycle Profile: Consider a quality control matrix tracking the operational
lifespan of 500 electronic capacitors.
If the majority of components fail instantly due to initial installation stress, while a few resilient units
run indefinitely, the data trails out toward the far right. This forms a classic right-skewed distribution.
In this configuration, calculating a baseline arithmetic mean yields an overinflated longevity benchmark
due to those few exceptionally durable units.
To provide an honest operational summary, an investigator must utilize the median and IQR, ensuring
the descriptive parameters are not distorted by extreme outliers.
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» Concept Check — Lesson 4 Practice

1. A tracking metric logs the delivery times of a local logistics center. The resulting data plot displays
a long, elongated tail pointing towards the lower left end of the horizontal axis scale. Identify the
accurate mathematical relationship between the central tracking metrics:

A. Mean > Median
B. Mean = Median
C. Mean < Median

2. An automated laboratory terminal monitors the processing speeds of two identical sorting algo-
rithms over 1,000 continuous baseline runs.

(a) Algorithm X yields a perfectly symmetric, bell-shaped execution profile. State which sta-
tistical measure of center and which measure of variability provide the most appropriate
summary.

(b) Algorithm Y exhibits a heavily skewed right distribution containing multiple extreme high-
value outliers. Justify why the standard deviation is an inappropriate metric for this dataset.

(c) If a constant scaling value of +5 seconds is applied to every recorded coordinate entry in a
symmetric distribution, predict the resulting changes to the mean and standard deviation.

4.2.2 Lesson 5: Normal Distributions
1. Core Mathematical Concepts

The normal distribution is a continuous, theoretical probability distribution characterized by a symmetric,
bell-shaped density curve. It is fully defined by two parameter constants: the mathematical population
mean (u), which identifies the absolute apex center peak, and the population standard deviation (o), which
dictates the horizontal spread or scale of the curve.

Mathematical Mechanics of Bell-Shaped Curves

The geometric framework of a normal curve satisfies specific analytical properties across its real number
domain:
¢ Symmetric Extrema Balance: The distribution is perfectly unimodal and mirrored across
the vertical axis line x = p. At this absolute maximum peak point, the three core statistical
benchmarks converge perfectly:

Mean () = Median = Mode

o Inflection Point Transitions: The curvature shifts from concave down (curving downward at
the peak) to concave up (flattening out at the tails) at precisely one standard deviation away from
the center. These structural checkpoints reside at:

r=p+oc and z=p—o

e Total Area Constraint: Because the normal curve represents a continuous probability density
model, the complete spatial area sealed between the curve and the horizontal baseline is exactly
equal to 1 unit (or 100%).
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2. Classical Instructional Frameworks

e The Dual Precision Manufacturing Line: Imagine a factory operating two separate automated
sorting lathes producing cylindrical bearings.
Lathe A outputs diameters modeled by a normal distribution with a mean of ¢ = 10.0 mm and
a standard deviation of ¢ = 0.1 mm. Lathe B outputs diameters matching a normal profile with
@ =10.0 mm and ¢ = 0.4 mm.
Plotted on a shared scale, both curves share an identical peak center at 10.0 mm. However, Lathe A’s
curve is tall and narrow, reflecting high precision and tight data clustering. Lathe B’s curve is short
and wide, reflecting greater manufacturing variability and a broader dispersion of bearing dimensions.

» Concept Check — Lesson 5 Practice

1. A continuous data distribution is verified to follow a normal curve configuration centered at a
mean value of = 150. If the geometric inflection points of the density curve are mathematically
located at x = 135 and = 165, determine the exact value of the population standard deviation

o:
A .o0=30
B.o=15
C.o=175

2. A structural engineer analyzes the breaking thresholds of an industrial steel cable matrix, modeling
the data with a continuous normal distribution where p = 2000 lbs and o = 120 lbs.

(a) State the numerical value where the mode and median of this structural breaking threshold
dataset reside.

(b) Sketch or mathematically describe the geometric transformation that occurs to the normal
curve layout if the standard deviation increases to o = 180 lbs while the mean remains
constant.

(c) Calculate the precise boundaries along the horizontal axis that mark exactly one standard
deviation away from the central maximum apex point.

4.2.3 Lesson 6: Areas in Histograms
1. Core Mathematical Concepts

Empirical data distributions captured within real samples are visualized using relative frequency histograms.
The relative frequency of an interval corresponds to the proportion of total observations that fall within that
range, which maps directly to the proportional area of the matching histogram bars.
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Histogram Area and Relative Frequency Scaling

To transition from empirical discrete counts to continuous mathematical area models, histograms use
precise proportional scaling:

1. Relative Frequency Metric: The relative frequency of data occurring within a specific interval
is computed by dividing the interval’s count (nipterval) by the total sample size (Niotal):

Ninterval

Relative Frequency = N
total

2. Area Proportionality: In a standard relative frequency histogram where the bar width is uni-
form, the area of an individual bar or a cluster of bars represents the exact proportion of observa-
tions in that range.

3. The Continuous Approximation Bridge: As the sample size Niota increases toward infinity
and the interval bin widths shrink toward zero, the step-like profile of a histogram transforms into
a smooth, continuous density curve, where probabilities correspond to regions of bounded area.

2. Classical Instructional Frameworks

e The Agricultural Rainfall Index: Consider a meteorology data terminal that records annual rain-
fall steps across 1,000 regional monitoring stations.
If an investigator constructs a relative frequency histogram with a constant bin width of 2 inches, and
the bar covering the interval [24 in, 26 in] has a recorded height of 0.15, it means that exactly 15% of
the stations recorded rainfall within those bounds. The area of that single rectanglular bar is 0.15.
If the investigator sums the areas of all the individual bars from 0 inches up to 26 inches, that combined
area represents the true percentage of all stations that registered less than or equal to 26 inches of
rainfall.

» Concept Check — Lesson 6 Practice

1. A continuous relative frequency histogram visualizes test score outputs for 2,000 students. The
uniform interval bin width is configured at exactly 5 units. If the rectangle bar spanning the score
range from 80 to 85 has a relative frequency height of 0.06, determine the absolute number of
students who scored within this interval:

A. 60 students
B. 120 students
C. 300 students

2. An automated traffic sensor logs vehicle velocity values across a major interstate checkpoint. The
relative frequency histogram tracks a total sample of 5,000 vehicles.

(a) If the total combined area of all histogram bars above a velocity threshold of 75 mph is
calculated to be 0.22, state the proportion and the absolute count of vehicles exceeding this
speed limit.

(b) Explain how the appearance of this step-shaped relative frequency histogram changes if the
sensor logs 500,000 vehicles and the tracking bin widths are refined from 5 mph intervals
down to 0.1 mph increments.

(c) State the maximum limit value that the total combined area of any valid relative frequency
histogram can reach, and justify your answer based on statistical definitions.
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4.2.4 Lesson 7: Areas Under a Normal Curve
1. Core Mathematical Concepts

Calculating exact proportions within a normally distributed population is achieved by evaluating the bounded
area beneath the normal curve model. This application relies on the Empirical Rule (the 68-95-99.7 Rule)
for integer standard deviation boundaries, and utilizes standardized z-scores to compute proportions for
fractional positions.

The Empirical Rule and Standardized Scaling

For any population dataset that follows a normal distribution curve with mean p and standard deviation
o:
e The 68-95-99.7 Rule: The total area under the curve is partitioned into predictable intervals:
— Approximately 68% of the data resides within one standard deviation of the mean: [u—o, u+
ol.
— Approximately 95% of the data resides within two standard deviations of the mean: [u —
20, p+ 20].
— Approximately 99.7% of the data resides within three standard deviations of the mean: [u —
30, u+ 30].
e The Standardizing z-Score Formula: To compute proportions for any arbitrary data coordi-
nate x, the value must be converted into a standard score representing its distance from the mean

in units of standard deviation:
T— [
o

AR

2. Classical Instructional Frameworks

e The Automated Bottling Fluid Valve: Consider a beverage packaging plant where an automated
machine fills bottles with liquid soda. The volume dispensed follows a normal distribution with a mean
p=12.0 oz and a standard deviation ¢ = 0.2 oz.

Applying the Empirical Rule, approximately 68% of the bottles contain between 11.8 oz and 12.2 oz.
To find the proportion of bottles containing less than 11.6 oz, an investigator notes that 11.6 sits
exactly two standard deviations below the mean (z = —2).

Since 95% of the data is inside [u — 20, u+ 20], the remaining 5% is split evenly between the two outer
tails. This means the lower tail area is exactly 57% = 2.5%, showing that 2.5% of the total production
run will be underfilled below 11.6 oz.
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» Concept Check — Lesson 7 Practice

1. A agricultural distribution group models the weight of harvested organic apples using a normal
curve with g = 140 grams and ¢ = 10 grams. Using the Empirical Rule, determine the approxi-
mate percentage of apples that weigh between 120 grams and 160 grams:

A. 68%
B. 95%
C. 99.7%

2. The operational lifespan of a standardized commercial LED bulb follows a normal distribution
model with a mean duration of x = 20,000 hours and a standard deviation ¢ = 1,500 hours.

(a) Calculate the standardized z-score for a bulb that burns out prematurely at 17,000 hours,
and interpret what this score indicates about its position relative to the mean.

(b) Using the 68-95-99.7 Rule, determine the approximate proportion of LED bulbs that achieve
a lifespan longer than 21,500 hours.

(¢) A contract specification requires that less than 0.15% of bulbs fail below a critical operational
threshold. Explain why a threshold of 15,500 hours satisfies this safety constraint.
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4.3 Section C: Not All Samples Are the Same

This section investigates the mathematical behavior of statistical samples and explores the inherent vari-
ability that exists between separate sampling events. It systematically covers the limitations of non-random
data collection, analyzes the structural distribution of sample proportions, and introduces simulation-based
modeling to estimate population parameters. By evaluating variability and data spreads, this section estab-
lishes the statistical foundations required to determine if an observed sample outcome represents expected
random fluctuation or a statistically significant departure from a baseline hypothesis.

4.3.1 Lesson 8: Not Always Ideal
1. Core Mathematical Concepts

While random selection represents the ideal statistical benchmark for minimizing bias, real-world constraints
often force researchers to rely on alternative, non-ideal sampling frameworks. Understanding the structural
limitations and predictable biases of these methods is critical for evaluating the validity of statistical infer-
ences.

Biases in Non-Random Sampling Methods

When a sample is selected without a rigorous chance-based mechanism, it regularly introduces systematic
distortions:

1. Convenience Sampling: A methodology where individuals are selected for a sample simply
because they are the most easily accessible to the researcher. This systematically excludes major
segments of the population, leading to selection bias. Voluntary Response Bias: Occurs when a
sample consists entirely of self-selected volunteers who choose to respond to a general open invite.
This method typically overrepresents individuals with strong or extreme opinions.

2. Non-Response Bias: Occurs when a properly selected random sample contains individuals who
refuse to participate or cannot be reached, skewing results if non-respondents hold systematically
different traits than respondents.

2. Classical Instructional Frameworks

e The Digital Feedback Metric: Consider a software development group attempting to estimate the
true proportion of users who experience interface crashes on a mobile application.
If the group sets up an open, optional feedback button inside the application menu, their data collection
method is non-ideal. The resulting database will suffer from severe voluntary response bias, as satisfied
users rarely click feedback buttons, while frustrated users actively seek them out.
The resulting sample proportion of crashes (p) will be highly overinflated compared to the true pop-
ulation proportion (p). To achieve an accurate baseline, the developers must programmatically select
200 user accounts at random and automatically audit their backend performance logs.
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» Concept Check — Lesson 8 Practice

1. A municipal transportation agency wants to find out what percentage of local residents utilize city
buses for daily commuting. An investigator gathers a sample by standing at a major bus terminal
at 8:00 AM on a Tuesday and interviewing the first 100 people who pass by. Identify the primary
structural bias introduced by this sampling design:

A. Voluntary response bias, because citizens chose which bus route to ride.

B. Convenience sampling bias, because the sample explicitly overrepresents current bus users
and ignores non-riders.

C. Non-response bias, because multiple individuals walked past the investigator without speak-
ing.

2. A collegiate student newspaper prints a website poll asking readers: ”Should the university elimi-
nate the campus parking fee?” Out of 1,200 students who visited the site, 450 chose to submit a
vote, and 90% of those voters answered ”Yes.”

(a) Classify the specific type of sampling method utilized by the newspaper and state whether
the 90% statistic is likely an overestimate or underestimate of the true student body opinion.

(b) Explain how the composition of this self-selected sample differs from a sample generated
through a true random numbers matrix.

(c) Redesign this project by drafting a brief operational protocol that ensures a representative,
random sample of 200 university students.

4.3.2 Lesson 9: Variability in Samples
1. Core Mathematical Concepts

If multiple independent random samples are extracted from an identical, unchanged population, the resulting
sample statistics will vary from sample to sample. This mathematical phenomenon is known as sampling
variability, and it represents a natural, predictable attribute of statistical distributions rather than a research
€rTor.

The Mechanics of Sampling Variability

When executing repeated sampling procedures under identical baseline constraints:

¢ Fluctuation of Sample Proportions: Each independent sample yields its own distinct sample
proportion (p = ). Even though the true population parameters (p) remain completely fixed, the
calculated sample statistics will naturally scatter around that central value.

o Impact of Sample Size (n): The spread and dispersion of sample statistics are directly dictated
by the size of each individual sample. As the sample size increases (n — o), the magnitude
of sampling variability decreases. Larger samples generate sample proportions that cluster much

more tightly around the true population parameter.

2. Classical Instructional Frameworks

e The Colored Token Experiment: Imagine a large storage container holding thousands of structural
tokens, where exactly 40% of the tokens are vibrant red (p = 0.40) and 60% are black.
If Student A draws a random sample of 10 tokens, their sample proportion might easily land at p = 0.20
or p = 0.60 due to the high variability inherent in small groups.
However, if Student B draws a large random sample of 250 tokens from the same container, their
sample proportion will almost certainly land very close to the true baseline value, likely between 0.37
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and 0.43. The larger sample size dampens the statistical noise, yielding a highly stable estimate.

» Concept Check — Lesson 9 Practice

1. A factory production line generates specialized bolts where exactly 5% of the output contains
surface defects. Three automated quality control terminals independently pull random samples
from the daily output. Terminal X pulls 20 bolts, Terminal Y pulls 100 bolts, and Terminal Z pulls
500 bolts. Which terminal is most likely to record a sample defect proportion that is drastically
far away from the true 5% baseline?

A. Terminal Z, because it handles the largest total data package.
B. Terminal Y, because 100 represents a standard statistical baseline.
C. Terminal X, because smaller sample sizes exhibit much higher sampling variability.

2. Suppose a massive urban school system has a true student enrollment distribution where exactly
60% of all students participate in organized sports.

(a) If you execute 50 independent tracking runs where each run randomly samples 5 students,
explain why you expect to see wide, dramatic variations in the calculated values of p.

(b) If you increase the sample size of each tracking run from n = 5 to n = 200, describe the struc-
tural transformation that occurs to the spread and clustering of the 50 sample proportions.
Predict the exact mathematical center around which the distribution of these 200-student sani

\ J

4.3.3 Lesson 10: Estimating Proportions from Samples
1. Core Mathematical Concepts

In field research, the true population parameter is typically unknown. Investigators utilize a single gathered
sample proportion (p) as a point estimate to infer the characteristics of the population. To evaluate the
precision of this estimate, researchers compile multiple simulated sample proportions to map a sampling
distribution.

Parameter Estimation and Simulation Alignment

The analytical framework for estimating unknown population metrics relies on standard distributional
distributions:
1. Point Estimation Strategy: The sample proportion p serves as our best unbiased estimate of
the unknown population proportion p.
2. Simulation via Known Baselines: When tracking a hypothetical population parameter, re-
searchers use computer simulations to generate hundreds of random samples under a set model.
The resulting collection of simulated sample proportions forms an empirical sampling distribution.
3. The Boundary of Plausibility: By observing the spread of the simulated distribution, investi-
gators identify which population proportions are plausible. If a tested baseline model frequently
generates sample proportions similar to our observed field data, that baseline parameter is consid-
ered highly plausible.

2. Classical Instructional Frameworks

« The Wildlife Population Index: A marine biology team captures 100 sea turtles from a regional
bay and notes that 22 of them have specific tracking tags (p = 0.22). They want to estimate the true
proportion of tagged turtles in the entire bay.
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To test if the true population proportion could be p = 0.20, they configure a computer to run 500
simulations of pulling 100 turtles from a population with a fixed 20% tag rate.

The simulation results show that a sample proportion of 0.22 occurs very frequently under a 20%
model. Therefore, 20% is a highly plausible value for the true population proportion. Conversely, if a
simulated model of p = 0.50 never generates a sample proportion anywhere near 0.22, that parameter
value is rejected as highly implausible.

» Concept Check — Lesson 10 Practice

1. An environmental safety scientist tests a sample of 100 groundwater coordinates and finds that 12
coordinates contain chemical traces. She runs a computer simulation with 1,000 iterations based
on a hypothesized population contamination parameter of p = 0.35. The simulation output shows
that the lowest simulated sample proportion generated across all 1,000 runs was 0.21. Determine
the correct statistical conclusion regarding the p = 0.35 model:

A. The model p = 0.35 is highly plausible because 0.21 is close to 0.12.

B. The model p = 0.35 is implausible because an observed sample proportion of 0.12 never
occurred in the simulation.

C. The model p = 0.35 is definitively correct and completely verified by the field data.

2. A political polling firm pulls a random sample of 200 registered voters and calculates a sample
approval rating for a city bond measure at p = 0.54.

(a) State the specific point estimate for the true proportion of all registered voters in the city
who support the bond measure.

(b) The firm executes a software script that generates 500 simulated samples of size n = 200
based on a fair-coin model (p = 0.50). The middle 95% of the simulated proportions fall
between 0.43 and 0.57. Based on this simulation, state whether a true population parameter
of p = 0.50 is plausible or implausible, and justify your answer.

(c) If the middle 95% of a separate simulation based on a p = 0.70 model covers the interval
[0.64,0.76], evaluate the plausibility of the 0.70 parameter relative to our observed field data
of 0.54.

4.3.4 Lesson 11: The Wholeness of Simulation
1. Core Mathematical Concepts

A comprehensive simulation analysis provides a robust, empirical method for testing statistical hypotheses
without relying on advanced calculus formulas. By examining a complete simulation distribution, an in-
vestigator can quantify the exact margin of error and formalize a range of plausible values for an unknown
population parameter.
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Quantifying Plausibility via Distribution Intervals

To establish a definitive range of plausible population values using a completed simulation matrix:

o The 95% Standard Interval Benchmark: In statistics, a common standard for defining plau-
sibility involves capturing the central 95% region of a simulated sampling distribution. This is
achieved by trimming the lowest 2.5% and the highest 2.5% of the sorted simulation outputs.

o Statistical Significance and Anomalies: If an observed field sample proportion falls outside
the central 95% boundary of a simulated model, the field outcome is classified as a statistically
significant anomaly under that model. This indicates that the hypothesized model parameter is
likely incorrect, providing strong empirical evidence to reject the baseline hypothesis.

2. Classical Instructional Frameworks

o« The E-Commerce Delivery Guarantee Auditing: A retail corporation claims that 90% of all

packages arrive within 48 hours (p = 0.90). A consumer defense league reviews a random sample of
100 shipments and discovers that only 81 packages arrived on time (p = 0.81).
To evaluate the company’s claim, the league runs 1,000 simulations of 100 packages using a true success
rate of 0.90. The central 95% interval of the resulting simulation distribution spans from 0.84 to 0.96.
Because the league’s observed field proportion of 0.81 sits well below the lower threshold of the central
95% interval, it is highly anomalous under the company’s model. The league can confidently declare
the 90% delivery claim implausible, statistically rejecting the corporate assertion.

» Concept Check — Lesson 11 Practice

1. A medical device company claims that its sterilization process operates with a 98% success rate
(p = 0.98). A hospital quality group audits 500 devices and records a success rate of 96% (p = 0.96).
The group runs 1,000 simulations under the 98% model, finding that the central 95% of simulated
outcomes ranges from 0.968 to 0.992. Identify the correct statistical deduction:

A. The company’s claim is plausible because 96% is very close to 96.8%.

B. The company’s claim is implausible because the observed 0.96 rate falls outside the central
95% simulation interval.

C. The company’s claim is completely validated because 98% was the baseline model input.

2. An agricultural seed producer states that 80% of its heirloom corn seeds will germinate under
standard farming setups (p = 0.80). A research farm plants a random sample of 150 seeds and
records a sample germination rate of p = 0.76.

(a) The research farm sets up a software loop that runs 1,000 independent simulations of sample
size n = 150 assuming a true germination rate of p = 0.80. Describe how to construct the
central 95% interval from these 1,000 sorted simulation results.

(b) Suppose the calculated central 95% simulation interval spans from 0.74 to 0.86. Determine
whether the research farm’s field result of 0.76 provides sufficient statistical evidence to con-
tradict the producer’s 80% claim.

(c) If the research farm increases its sample size from 150 seeds to 600 seeds and observes the
exact same sample rate of p = 0.76, explain why this larger sample size makes the producer’s
80% claim much more likely to be rejected as implausible.
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4.4 Section D: Analyzing Experimental Data

This section examines the structural logic and statistical methods used to analyze controlled experiments.
Focusing on the comparative differences between treatment means, it details how to create and interpret
randomization distributions to determine if an observed effect can be explained by pure mathematical chance.
By bridging empirical reallocations with theoretical normal models and formalizing z-score transformations,
this section provides the criteria necessary to evaluate general research designs and justify causal claims.

4.4.1 Lesson 12: Experimenting
1. Core Mathematical Concepts

Controlled experiments alter an independent variable to measure its effect on a dependent variable. To
isolate the actual impact of the applied treatment, researchers rely on a chance-based mechanism to divide
a sample into groups. Shuffling and reallocating experimental data points allows researchers to construct
a baseline profile of natural variability and determine if group differences could arise solely from random
assignment.

Treatments and Randomization Distributions

The statistical evaluation of experimental observations rests on key design components:

1. Treatment Condition: The specific value or level of the controlled variable that is systematically
changed between the separate comparison blocks in an experiment.

2. Random Assignment Benefit: The process of allocating subjects into treatment groups using
a chance-based method. This distributes confounding personal and environmental traits evenly,
minimizing the probability that secondary factors distort the outcome.

3. Randomization Distribution: A distribution of the differences between the group means (z; —
T9) generated by pooling all experimental responses together, repeatedly redistributing the data
into randomized groups of the original sizes, and calculating the new differences. This models what
results can occur by chance alone when the treatment has no actual effect.

2. Classical Instructional Frameworks

e The Aquarium Frog Growth Model: A researcher investigates whether aquarium size affects frog

weight. Twenty young frogs are randomly split into two groups of 10. Group 1 is placed in a 10-gallon
tank and reaches a mean weight of 111.2 grams. Group 2 is placed in a 100-gallon tank and achieves
a mean weight of 169.3 grams, yielding an observed difference of 111.2 — 169.3 = —58.1 grams.
To evaluate if this 58.1-gram gap indicates a real aquarium effect, the researcher pools all 20 weights
and uses a computer to randomly shuffle them into new groups 30 times. The resulting randomization
distribution shows that a difference as extreme as +58.1 grams never occurs by pure grouping chance.
This provides strong empirical evidence that the aquarium size caused the weight difference.
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» Concept Check — Lesson 12 Practice

1. An industrial researcher compares the curing speeds of two distinct concrete mixtures across a
small pool of 20 samples. Group A has a mean curing time of 48 hours, and Group B has a mean
curing time of 54 hours, resulting in an observed difference (Z4 — Zp) of —6 hours. State the
operational definition of a randomization distribution in this context:

A. A plot tracking the natural distribution of the sample parameters prior to group assignment.
B. A distribution of the differences between the group means containing randomly redistributed
data points.
C. A curve modeling the total probability that a concrete block cracks under initial pressure.
2. An experimental study tests whether counting out loud while moving affects heart rates. Ten
students are selected to participate; half are randomly assigned to move silently while the other
half count out loud during the activity.

(a) State the specific active treatment variable that is being manipulated in this experimental
layout.

(b) At the conclusion of the trial, the mixed group weights are randomly redistributed across 200
software simulations. Explain what a simulated difference of exactly 0 indicates about that
specific reallocation trail.

(c¢) If a computer shuffle yields a distribution centered perfectly around 0, explain why this central
balance point is a mathematically predictable property of data shuffles.

4.4.2 Lesson 13: Using Normal Distributions for Experiment Analysis
1. Core Mathematical Concepts

As the number of participants in an experiment expands, evaluating every single unique combination becomes
mathematically prohibitive. In large-scale trials, researchers utilize computer-generated random shuffles to
approximate the true distribution, which tends to form a symmetric, bell-shaped profile centered near zero.
This alignment allows researchers to use normal models to determine if an outcome is statistically significant.

Statistical Significance Bounded by Curve Proportions

Normal curve models allow researchers to calculate the exact probability of an experimental result
occurring under a chance model:

¢ Normal Modeling Criteria: When a simulation features a large sample size and generates
a symmetric, bell-shaped distribution of differences, a continuous normal curve defined by the
simulation mean (u =~ 0) and standard deviation (o) can accurately model the data.

e Significant Region Benchmarks: An observed difference is classified as statistically significant
if the calculated area under the normal curve for regions more extreme than the observed result
is very small (typically less than 5%, or 0.05). This indicates the observed difference is highly
inconsistent with pure random assignment, justifying the conclusion that the treatment caused the
effect.

2. Classical Instructional Frameworks

e The Captive Bird Weight Simulation: Scientists study the effect of raising birds in captivity on
their adult weight. One hundred birds are split into two random groups of 50: Group 1 is raised in
captivity, and Group 2 is released into the wild. After 5 years, the observed difference between the
group means is 0.27 gram.
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Because checking all possible combinations is impossible, researchers run 1,000 shuffling simulations,
yielding a normal distribution with a mean of 0 grams and a standard deviation of 0.112 gram.
Modeling this with a normal curve, the area greater than 0.27 is found to be roughly 0.008. Because
this probability is less than 5%, the result is statistically significant, providing strong evidence that
the captive environment directly altered bird weights.

» Concept Check — Lesson 13 Practice

1. A science class tests if salt water boils faster than freshwater using 10 samples of each type. The
observed difference in mean boiling times between the two groups is 24 seconds. A computer
combines the data and runs all 184,756 possible unique reallocations, revealing that 4,008 of those
groupings produce an absolute difference of at least 24 seconds. Select the true statement based
on this exact proportion:

A. The proportion is 1;;103?6 ~ 0.022, which is significant because it is less than the 5% chance
threshold.
B. The proportion is 4,008 ~ 0.217, which shows the boiling times are due to random assignment
184,756
flukes.

C. The proportion is mathematically too small to verify if the normal distribution can be applied.

2. Biologists tag sharks with two different devices—a large tracking unit and a small device—to

analyze if device weight affects shark heart rates. The observed difference between the two sample
means is 2.5 beats per minute (bpm).

(a) The team runs 1,000 shuffling simulations, generating an approximately normal distribution
with a simulation mean of 0.028 bpm and a standard deviation of 1.124 bpm. Identify what
features of the histogram justify using a normal model.

(b) Calculate the standardized distance or describe the area under this curve that sits beyond
the 2.5 bpm threshold point.

(¢) Conclude whether the type of device has a statistically significant effect on shark heart rates
based on the area under the curve.

4.4.3 Lesson 14: Questioning Experimenting
1. Core Mathematical Concepts

Critically evaluating research claims requires a standardized method for checking how far a value sits from
the center of a distribution. Converting raw measurements into standardized z-scores allows investigators to
calculate proportions under a normal density curve using standardized reference matrices or tables, providing
a clear method for questioning experimental claims.
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Standardization Mechanics and the z-Score Scale

Standardizing measurements relies on translating values to a universal scale of variability:

1. The z-Score Equation: A z-score represents the precise number of standard deviations a specific
data value lies above or below the population mean. It is calculated as:

value — mean

~ standard deviation

2. Area Bounded by Intervals: A standard normal table displays the cumulative area under the
curve that lies to the left of a target z-score. To calculate the proportion of a population within a
specific interval [Z}oy, :chigh], an investigator converts both boundaries into z-scores and subtracts
the smaller cumulative area from the larger cumulative area:

Proportion = Area(zhigh) — Area(ziow)

o Critically reviewing an experiment requires analyzing the sample size, checking group assignment
procedures, and ensuring that any claimed differences exceed the natural margin of error.

2. Classical Instructional Frameworks

o The Official Baseball Quality Regulations: A sports equipment factory produces baseballs whose
weights are normally distributed with a mean of 145 grams and a standard deviation of 2 grams. Official
athletic league rules require all game balls to weigh between 142 grams and 149 grams.

To find the proportion of factory balls that satisfy league rules, an investigator calculates z-scores for
the boundaries: for 142 grams, z = % = —1.5; for 149 grams, z = % = 2.0.

Consulting a normal probability reference table, the area less than z = 2.0 is 0.9772, and the area
less than z = —1.5 is 0.0668. Subtracting these regions (0.9772 — 0.0668 = 0.9104) reveals that
approximately 91.04% of the baseballs manufactured meet the official criteria.

» Concept Check — Lesson 14 Practice

1. A quality control engineer reviews a data profile where a specific product measurement has a

calculated z-score of —2.5. Identify the correct interpretation of this metric value:
A. The measurement value sits exactly 2.5 units below the designated target baseline.
B. The measurement value resides exactly 2.5 standard deviations below the distribution mean.
C. The measurement value is 25% smaller than the average value recorded in the trial.

2. An agricultural research report evaluates the sugar concentrations of strawberries grown under a
new soil compound, finding an approximately normal distribution with a mean of 238.67 grams
and a standard deviation of 29.83 grams.

(a) Calculate the standardized z-score for a strawberry sample that registers a concentration
metric of exactly 347.47 grams.

(b) Using a normal probability table, determine the proportion of samples expected to yield a
measurement value less than 200 grams if the mean is 238.67 and the standard deviation is
29.83.

(¢c) A competing laboratory publishes a claim stating that more than 10% of crops grown under
this protocol fall below 200 grams. Evaluate the validity of this claim using your calculated
area proportions.
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4.5 Section E: Lets put it to work

This final section serves as the culminating synthesis of the entire statistical inference curriculum. It
requires the integration of study design auditing, distribution analysis, sampling variability, and simulation-
based significance testing within a singular empirical framework. By analyzing actual experimental physi-
ological data, this section formalizes the comprehensive investigative process required to evaluate research
claims, compute randomized margins, and draw mathematically sound causal conclusions about human
health and behavioral interventions.

4.5.1 Lesson 15: Heart Rates
1. Core Mathematical Concepts

Evaluating a biological or behavioral claim requires an end-to-end statistical analysis that unifies every
phase of empirical inquiry. When testing an intervention’s effect on a physiological metric like heart rate,
researchers must systematically transition from critiquing the initial group allocation to generating simulated
chance distributions, and finally converting findings into standardized units to verify causal boundaries.

Comprehensive Synthesis of Statistical Inference

A complete empirical investigation demands the rigorous execution of four interconnected analytical
steps:

1. Design Auditing: Verifying that random assignment was properly implemented to ensure that
comparison groups have no systematic baseline differences, thereby neutralizing personal confound-
ing variables.

2. Empirical Difference Calculation: Determining the exact metric distance between the final
treatment means (Zireatment — Zcontrol) tO establish the real-world baseline effect size.

3. Simulation Modeling: Generating a large-scale randomization distribution via computer shuf-
fling under the null assumption that the treatment has zero true effect. This models the exact
range of differences that can occur purely through random assignment flukes.

4. Significance Evaluation: Quantifying the probability of obtaining the empirical difference by
calculating the area under the approximated normal curve. If the observed result falls in the
extreme tails (typically P < 0.05, or a z-score beyond +2), the null assumption is rejected, and a
causal relationship is established.

2. Classical Instructional Frameworks

e The Human Heart Rate Intervention Analysis: Consider a clinical study designed to test
whether a brief deep-breathing exercise lowers resting heart rates. A sample of 30 volunteers is ran-
domly divided into two groups of 15. Group A performs the breathing exercise, while Group B sits
quietly. After the treatment interval, Group A exhibits a mean heart rate of 68 beats per minute
(bpm), and Group B exhibits a mean heart rate of 74 bpm, yielding an observed group difference of
68 — 74 = —6 bpm.

To evaluate this result, a computer pools the 30 heart rates and executes 1,000 automated random
shuffles into new groups of 15. The resulting simulation distribution is approximately normal, centered
at 0 bpm with a standard deviation of 2.5 bpm.
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The investigator converts the observed difference into a standardized score: z = % = —2.4. Because

a z-score of —2.4 falls well into the extreme lower tail and corresponds to an area under the curve of
less than 2.5

» Concept Check — Lesson 15 Practice

1. A sports science lab uses a shuffling simulation to analyze how a new hydration compound affects
recovery heart rates across 40 athletes. The computer script runs 1,000 iterations and generates
a symmetric, bell-shaped distribution of differences centered at 0 bpm with a simulation standard
deviation of ¢ = 1.8 bpm. Identify the boundary interval that marks the margin of error for typical
random variation using the two-standard-deviation rule:

A. [-1.8 bpm, +1.8 bpm)]
B. [-3.6 bpm, +3.6 bpm]
C. [-5.4 bpm, +5.4 bpm]

2. A health study investigates whether listening to high-tempo music during a standard workout
alters peak heart rates. Twenty participants are randomly assigned to either a music treatment
group or a silent control group. The observed difference between the two group means is calculated
as Tmusic — Tsilent = +8.2 bpm.

(a) State the conservative baseline assumption regarding the music’s effect that researchers must
adopt before executing a simulation model.

(b) The research team runs 500 computer shuffles of the raw heart rate data under the baseline
assumption. The simulation results generate a normal distribution with a mean of 0.05 bpm
and a standard deviation of 4.10 bpm. Calculate the standardized z-score for the observed
field difference of +8.2 bpm.

(c) Using your calculated z-score and the properties of normal curve areas, evaluate whether this
study provides statistically significant evidence to support the claim that high-tempo music
increases peak workout heart rates. Justify your answer.
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4.6 Section F: Extra Supplement

This supplementary section introduces the rigorous mathematical foundations underpinning classical
statistical inference. It bridges behavioral data assessment with continuous probability theory by formalizing
the criteria for measurement integrity, detailing the functional geometry of the Gaussian density curve, and
mapping the asymptotic convergence behavior of sample statistics. By exploring foundational limit theorems
and non-parametric goodness-of-fit frameworks, this section delivers the theoretical rigor necessary to justify
large-sample estimations and hypothesis verification metrics.

4.6.1 Supplement 1: Reliability and Validity
1. Core Mathematical Concepts

Evaluating the diagnostic or psychometric power of an data collection instrument requires analyzing its
measurement consistency and theoretical alignment. A statistical instrument can record data with high
precision yet fail to capture the true underlying parameter if the design is structurally misaligned.

The Interplay of Consistency and Accuracy

When auditing a measurement protocol or testing instrument, researchers distinguish between two crit-
ical parameters:

1. Reliability: The baseline stability, replication power, and internal consistency of an instrument
across repeated independent trials under unchanged environmental criteria. A reliable tool mini-
mizes random measurement error.

2. Validity: The degree to which an instrument accurately captures the specific, target concep-
tual variable it was operationally designed to evaluate. Validity ensures the system is free from

structural, systematic bias.

2. Classical Instructional Frameworks

o The Miscalibrated Laboratory Scale: Consider an automated digital scale used to record chemical
mass. If an investigator places a certified 100-gram standard weight on the scale 10 consecutive times,
and the scale outputs exactly 92.1 grams every single time, the scale is perfectly reliable because its
random error variance is virtually zero.

However, the instrument lacks validity because it possesses a systematic calibration bias of —7.9 grams,
failing to record the true parameters of the target physical property.
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» Concept Check — Supplement 1 Practice

1. A educational software program delivers a 50-question vocabulary quiz to a group of students
twice in one week. The students achieve completely wildly different scores on the second attempt,
with no statistical correlation to their initial performance. Identify the correct evaluation of this
diagnostic instrument:

A. The quiz exhibits high validity but suffers from low reliability.
B. The quiz exhibits low reliability, which automatically undermines its overall validity.

C. The quiz is structurally sound because the sample variance is perfectly balanced.

2. A sociology department designs a survey questionnaire explicitly intended to measure ”local house-
hold financial security.”

(a) Explain how an ambiguous question regarding ”general happiness” might compromise the
survey’s validity while still producing reliable, consistent baseline choices.

(b) State the primary statistical method used to evaluate whether multiple survey questions are
tracking the same underlying variable consistently.

(c) Outline how a researcher can demonstrate that a newly engineered fitness metric has high
validation against existing clinical health standards.

4.6.2 Supplement 2: Mathematical Formula of the Normal Distribution
1. Core Mathematical Concepts

The symmetric bell-shaped curves utilized throughout statistical modeling are mathematically generated by
a continuous probability density function (pdf). This continuous density modeling architecture determines
the precise height of the normal curve for any real-number horizontal input coordinate x.

The Gaussian Probability Density Function

The mathematical function that yields a normal curve centered at population mean u with a population
standard deviation ¢ is defined explicitly as:
1

f(z) = E6_5(7

e The Scaling Constant: The term o\}ﬂ scales the curve vertically to ensure that the definite

integral across the entire real domain equals exactly 1.0: ffooo f(z)dx =1.

¢ The Exponential Decay Multiplier: The negative exponent —% (%)2 enforces the symmetric
geometric decay. As the horizontal value moves away from the peak center axis (z = p), the value
of the exponent grows increasingly negative, causing the curve to flatten toward zero.

2. Classical Instructional Frameworks

e« The Standardized Coordinate Calculus Peak: Consider a standard normal curve where the
parameter constants are configured to u = 0 and ¢ = 1. The functional algebraic equation simplifies
directly to the core expression:

—_
N

fla)= e
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Evaluating this formula at its central maximum point (z = 0) yields an absolute apex coordinate

height of exactly f(0) = \/% ~ 0.3989.

» Concept Check — Supplement 2 Practice

1. A continuous normal density curve has a parameter profile where y = 50 and o = 4. Identify the
exact horizontal coordinate location where the maximum value of the function f(z) must reside:

2. Suppose a continuous data distribution is defined by the mathematical expression f(z) =
1 _ (x—100)?

e

10v2r

(a) Identify the explicit numerical value of the population mean p and the standard deviation o
for this distribution.

(b) Expand the exponential component of the equation to demonstrate that the value 200 in the
denominator matches the structural term 202.

(c) Use the functional components of the equation to justify why a normal density curve can
never output a negative vertical height value.

4.6.3 Supplement 3: The Central Limit Theorem
1. Core Mathematical Concepts

The Central Limit Theorem (CLT) serves as the foundational structural bridge allowing researchers to apply
normal distribution models to non-normal populations. It dictates the behavior of the sampling distribution
of the sample mean as sample sizes scale.

Asymptotic Sampling Convergence Properties

Let X be an arbitrary random variable originating from an unknown, heavily skewed population distri-
bution with a finite mean g and a finite standard deviation o. If independent random samples of size n
are repeatedly extracted:
1. Mean Alignment: The expected value of the distribution of all sample means (uz) remains
perfectly equal to the underlying population mean:

Hz =

2. Standard Error Compression: The variability of the sample means decreases at a predictable
rate as the sample size grows, defined by the Standard Error (SE):
o
Oz = —
x \/ﬁ
3. Normality Convergence: As the sample size expands toward infinity (n > 30 for standard
baseline validation), the shape of the sampling distribution of Z approaches a perfectly normal
distribution, regardless of the shape of the original population.
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2. Classical Instructional Frameworks

o The Heavily Skewed ATM Withdrawal Log: Consider a bank machine where 80% of clients
withdraw exactly $20, while 5% withdraw $500. The population curve is heavily skewed right and
completely non-normal.

If an auditor records single transactions (n = 1), the data distribution remains heavily skewed. How-
ever, if the auditor records the average of random groups of 100 transactions (n = 100), the distribution
of those averages will be a symmetric, bell-shaped normal curve. The standard error of these averages

will compress by a factor of \/1;% = %, clustering tightly around the true mean.

» Concept Check — Supplement 3 Practice

1. A heavily skewed logistics dataset has a population mean p = 12 hours and a standard deviation
o = 6 hours. If an automation script extracts repeated independent random samples of size n = 36,
determine the mean and standard error of the resulting sampling distribution:

A/,La—g=12, 0'5;:6
B,U,f:l2, 0'1—;:1
C/.Lj:2, 0'5:1

2. An urban utility matrix tracks residential water usage. The underlying distribution contains a
massive, non-normal spike near zero representing vacant units, alongside high-volume users.
(a) Explain why drawing random samples of size n = 4 fails to fulfill the standard operational
criteria required by the Central Limit Theorem.
(b) If the sample size is increased to n = 100, describe the resulting transformation regarding the
shape and standard error of the distribution of sample averages.
(c¢) Justify why a factory manager can safely utilize normal curve probability tables to calculate
quality thresholds even if the raw manufacturing defect rates are distributed unevenly.

4.6.4 Supplement 4: Kolmogorov’s Axioms of Probability
1. Core Mathematical Concepts

To prevent mathematical contradictions and provide a rigorous base for statistics, Andrey Kolmogorov
established the axiomatic framework of probability theory. This system defines probability as a measure
mapping an event A in a sample space S to a real number P(A), governed by three absolute geometric and
algebraic rules.
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The Three Axioms of Probability Measures

For any sample space S and any event A belonging to the system, a valid probability allocation P(A)
must strictly satisfy three structural parameters:

1. Axiom 1 (Non-negativity): The probability of any event can never be negative. It must be a
real number greater than or equal to zero:

P(A) >0 for every event A

2. Axiom 2 (Normalization / Total Area Constraint): The probability of the entire sample
space S (the certain event) is exactly equal to 1. In geometric probability distributions, this
dictates that the total area under the density curve maps perfectly to 1:

P(S) =1

3. Axiom 3 (Countable Additivity): If a collection of events Ay, A, As, ... are mutually exclusive
(disjoint, meaning they cannot occur simultaneously, so A; N A; = ) for i # j), the probability of
their union is the exact sum of their individual probabilities:

(U)o

2. Classical Instructional Frameworks

e The Continuous Probability Histogram Integration: Consider a continuous tracking model
monitoring a machine’s processing error times.
Axiom 1 ensures that calculating a sub-interval can never yield a negative likelihood. Axiom 2 enforces
that if we integrate or sum the area of all relative frequency segments across the entire horizon, the
final combined area totals exactly 1.0. Axiom 3 explains why to find the probability of a machine
finishing between 0-5 seconds OR between 10-15 seconds, we can directly add their separate bounded
areas together, because a single trial cannot simultaneously finish in both disjoint time windows.

» Concept Check — Supplement 4 Practice

1. An analyst designs a predictive matrix for stock price fluctuations, assigning a probability of
P(A) = 0.45 for a price increase, P(B) = 0.65 for a price decrease, and P(C) = —0.10 for a stable
price. Identify which axiom of Kolmogorov’s framework is directly violated by this configuration:

A. Axiom 2, because the combined sum of the positive parameters is too high.
B. Axiom 1, because a negative probability metric is mathematically impossible.

C. Axiom 3, because the events are not explicitly declared as mutually exclusive.

2. A sample space S contains three mutually exclusive experimental outcomes: X,Y, and Z.
(a) If P(X) =  and P(Y) = 3, utilize Kolmogorov’s axioms to calculate the exact remaining
value of P(Z) required to satisfy Axiom 2.
(b) Using Axiom 3, express the probability of the union event P(X UY') as a single simplified
fraction.
(c) Explain how the total area rule of a continuous relative frequency histogram directly mirrors

the structural parameter established in Axiom 2.
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4.6.5 Supplement 5: Formal Structure of Hypothesis Testing
1. Core Mathematical Concepts

Hypothesis testing formalizes the framework for evaluating claims using sample data. It translates research
questions into two competing models, uses a test statistic to quantify how well the sample data aligns with
those models, and relies on a probability threshold to minimize the risk of drawing false conclusions.

Structural Logic of Significance Testing

The classical framework for statistical testing relies on a sequence of standard definitions:
o The Competing Hypotheses:
— Null Hypothesis (Hp): The baseline model stating that there is no change, no treatment
effect, or no difference in the population parameter.
— Alternative Hypothesis (H,): The research claim asserting that there is a real change, a
treatment effect, or a directional difference in the population parameter.
e The P-Value Criterion: The probability of obtaining a test statistic at least as extreme as the
observed sample value, assuming the null hypothesis is completely true.
e The Error Framework Parameters:
— Type I Error («): Rejecting the null hypothesis when it is actually true (a false positive).
The significance level a represents the maximum allowable probability of committing this
error.
— Type II Error ((8): Failing to reject the null hypothesis when it is actually false (a false
negative).

2. Classical Instructional Frameworks

e The Quality Control Valve Audit: A water facility claims its filters keep chemical traces below a
safe baseline of y = 50 ppm. An auditor tests a sample of 40 output nodes to see if the contamination
is higher than claimed.

The formal hypotheses are structured as Hy : 4 = 50 ppm versus H, : i > 50 ppm. The sample yields
a mean of £ = 54 ppm, producing a P-value of 0.012.

Using a standard significance threshold of a = 0.05, the auditor notes that 0.012 < 0.05. Because the
sample result is highly unlikely to occur by pure chance under the null model, the auditor rejects Hy
and concludes that the filtration system is failing to meet safety standards.
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» Concept Check — Supplement 5 Practice

1. A clinical trial tests a new recovery compound under the structure Hy : g = 10 days versus
H, : p < 10 days. The final data yields a P-value of 0.084. If the trial operates under a standard
significance threshold of o = 0.05, determine the proper statistical decision:

A. Reject Hy and conclude the compound significantly accelerates recovery.

B. Fail to reject Hy because the P-value exceeds the significance threshold, indicating insufficient
evidence for change.

C. Alter the alternative hypothesis to force a matching directional alignment.

2. An agricultural supplier claims that a specialized seed variant produces a mean crop yield of
i = 150 bushels per acre. A local farming cooperative suspects the true yield is lower and runs a
trial on 50 plots.

(a) Formulate the formal null hypothesis (Hp) and alternative hypothesis (H,) for this research
project using proper parameter notation.

(b) Describe the real-world operational consequences of committing a Type I Error («) in this
agricultural study.

(c) If the trial outputs a final P-value of 0.003 under a significance level of o = 0.01, state the
mathematical justification used to either support or reject the supplier’s claim.
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