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Chapter 1

Unit 1: Sequences and Functions

1.1 Section A: Sequences

This section explores the fundamental definitions of mathematical sequences, establishing the crucial
distinctions between geometric and arithmetic progressions while leveraging technology to model data trends.

1.1.1 Lesson 1: Introduction to Sequences
1. Core Mathematical Concepts

A sequence is an ordered list of numbers. One of the most effective ways to interpret a sequence is by
analyzing how each term directly relates to the term preceding it.

Key Vocabulary

e Sequence: A systemic list of values governed by a conceptual rule or mathematical operation.

e Term: An individual number within a sequence, typically indexed by integers.

o Term Relationship: The foundational pattern (e.g., adding a constant or multiplying by a
coefficient) that defines progression from a current term to its consecutive successor.

2. Classical Instructional Frameworks

e The Tower of Hanoi Puzzle: A classic game involving moving n discs across pegs while adhering
to strict ordering guidelines. The smallest number of total moves creates an instructional, highly
non-linear sequence (1,3,7,15,...).

e Additive vs. Multiplicative Rules: Analyzing sequences by testing if the relationship requires a
sum (e.g., "the sum of 3 and twice the previous term”) or an algebraic product.

» Concept Check — Lesson 1 Practice

1. A sequence of numbers follows this rule: Multiply the previous number by —2 and add 3. If the
fourth term in the sequence is —7, calculate the next 3 terms.

2. Each number in a sequence is the sum of the previous two numbers. Start with the numbers 0 and
1, then follow the rule to build a sequence of 10 numbers.
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1.1.2 Lesson 2: Introducing Geometric Sequences
1. Core Mathematical Concepts

A geometric sequence is characterized by a progression where each consecutive term is computed by
multiplying the current term by a constant multiplier.

Mathematical Definition

A sequence is geometric if and only if the ratio of consecutive terms is entirely constant:

Current Term

Previous Term

This constant multiplier is often called the sequence’s growth factor or common ratio.

\

\

2. Classical Instructional Frameworks

e Paper Slicing Exploration: Slicing a piece of paper directly in half repeatedly and stacking the
result models a geometric sequence. The total number of pieces doubles (1,2,4,8,16,32), while the
fractional area of each individual piece shrinks by a factor of % with each sequential cut.

¢ Determining Ratios: To confirm if a pattern is geometric, check if the quotients of consecutive

terms are idenl ica.l:
0 Geom IlC W1 0

» Concept Check — Lesson 2 Practice

1. Find the missing terms and state the growth factor for the given geometric sequence:
24,12,6, ,

2. A person puts $1,000 into a Certificate of Deposit (CD) at their bank. At the end of each month,
they earn interest at a rate of 0.43%. Complete the sequential logic to show the balance for the
first 3 months.

,
\

1.1.3 Lesson 3: Different Types of Sequences
1. Core Mathematical Concepts

Sequences can progress via a multitude of growth rules. The two primary foundational archetypes are
arithmetic and geometric progressions, alongside sequences that belong to neither class.

Arithmetic vs. Geometric Invariants

¢ Arithmetic Sequence: Each consecutive term is generated by adding a constant value to the
preceding term. This invariant value is the rate of change or common difference, found via
subtraction: Term,, — Term,,_1 = d.

¢ Geometric Sequence: Each consecutive term is generated by multiplying the preceding term
by a constant growth factor (r).

o Neither: Patterns that showcase changing differences or non-constant ratios (e.g., sequence
{0,5,15,30,50,...}).

,
.
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2. Classical Instructional Frameworks

e Sequence Classification Practice:
— A:{30,40,50,60,70,...} — Arithmetic (d = +10)
— B:{0,5,15,30,50,...} — Neither (Differences increase: +5,+10,+15,420)
- C:{1,2,4,8,16,...} — Geometric (r = 2)

» Concept Check — Lesson 3 Practice

1. For each sequence, decide whether it could be arithmetic, geometric, or neither:
(a) 200,40,8,...
(b) 2,4,16,...
(¢) 10,20,30,...
2. A sequence starts with the terms 1 and 10. Find the next two terms if it is arithmetic, and find
the next two terms if it is geometric.

,
\

1.1.4 Lesson 4: Using Technology to Work with Sequences
1. Core Mathematical Concepts

Modern analytical technology allows users to systematically generate thousands of sequential elements and
evaluate formulas rapidly using computational tools.

Spreadsheet Synthesis and Coordinate Graphics

o Cell Address Referencing: Referencing explicit mathematical cell positions (e.g., cell A1) allows
dynamic formulaic logic.

¢ Fill Down Mechanization: Clicking and dragging the formula cell corner down to automatically
populate subsequent rows.

o Functional Coordinate Plotting: Mapping terms as ordered pairs (term number, value) directly
onto a coordinate graph.

r
.

2. Classical Instructional Frameworks

e Arithmetic Grid Translation: Typing =A1+2 in cell A2 creates a steady rate of change. When
plotted, these points lie on a straight line because arithmetic sequences are a type of linear function.

e Geometric Grid Translation: Typing =A1*0.5 models a decreasing ratio, verifying visually that
geometric models form an exponential discrete curve.

» Concept Check — Lesson 4 Practice

1. Open a blank spreadsheet. In A1, type 2 and hit Enter.
(a) What formula should you type into cell A2 to generate the sequence 2,4,8,16,32,... when
you fill down?
(b) What formula should you type into cell A2 to generate the sequence 2,4, 6,8, 10, ... when you
fill down?
2. Look at a discrete coordinate graph plotted from a sequence. Explain how you can tell dynamically
from the alignment of the points whether the sequence is arithmetic or geometric.

,
\
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1.2 Section B: Representing Sequences

This section defines sequences through the formal lens of function theory, introducing recursive definitions,
notation, and the behavior of discrete domains.

1.2.1 Lesson 5: Sequences Are Functions
1. Core Mathematical Concepts

A sequence can be formally interpreted as a function where the domain is restricted to a set of consecutive
integers (usually starting at 1 or 0).

Formal Function Notation for Sequences

Instead of just listing terms, we use function notation:
 f(n) represents the value of the n' term.
o n represents the term number (the input/index), which must be a positive or non-negative integer.
e The graph of a sequence consists of isolated, discrete points rather than a continuous line.

2. Classical Instructional Frameworks

e Discrete vs. Continuous Domain: Contrast the graph of a sequence function with a continuous
function graph. Students must critically understand why we do not connect the coordinate dots for a
sequence graph.

e Term Indexing Shifts: Analyzing how a sequence’s mathematical formula changes depending on
whether the sequence initializes with an input value of 0 or 1.

» Concept Check — Lesson 5 Practice

1. Write the first five terms of each sequence and determine if it is arithmetic, geometric, or neither:
(a) a(l) =7, a(n) =a(n—1) —3 for n > 2.
(b) b(1) =2,b(n)=2-b(n—1)—1 for n > 2.
2. Complete the table for a sequence graph plotted from discrete points. Explain conceptually why
the rational value —2.5 cannot belong to the domain of a sequence function f(n).

1.2.2 Lesson 6: Representing Sequences
1. Core Mathematical Concepts

To define a sequence explicitly from one step to the next, mathematicians utilize a structural framework
called a recursive definition.
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Components of a Recursive Definition

A complete recursive definition requires two indispensable parts:

1. The Initial Condition (Base Case): Specifying the starting value of the first term, such as
f(1)=6.

2. The Recursive Rule: An equation showing how to find the current term f(n) by manipulating
the previous term f(n — 1), such as f(n) = f(n —1) + 4.

. J

2. Classical Instructional Frameworks

« Matching Patterns to Notation: Match a sequence with its corresponding definition:
— Sequence: {3,6,12,24, ...} — Definition: M (1) =3, M(n) =2-M(n—1) for n > 2.
— Sequence: {3,8,13,18,...} — Definition: J(1) =3, J(n) =J(n —1)+5 for n > 2.

» Concept Check — Lesson 6 Practice

1. Write a complete formal recursive definition using function notation for the geometric sequence
that starts 1,3,....

2. A sequence has f(1) = 120 and f(2) = 60. Write a recursive definition if the sequence is assumed
to be arithmetic, and another if it is assumed to be geometric.

1.2.3 Lesson 7: Representing More Sequences
1. Core Mathematical Concepts

This lesson extends recursive mastery to diverse representations, emphasizing the fluency to move smoothly
between lists of terms, tables, graphs, and recursive equations.

2. Classical Instructional Frameworks

e Information-Gathering Practice: Students work with localized parameters to figure out missing
components of a sequence by asking targeted structural questions.

o Interpreting Geometric Scales: Visualizing geometric progressions that change by a fractional
growth factor, such as a sequence with a starting term of 20.25 and a constant growth multiplier of %

» Concept Check — Lesson 7 Practice

1. Given the recursive definition f(1) = 10, f(n) = f(n — 1) — 1.5 for n > 2:
(a) State whether the sequence is arithmetic, geometric, or neither.
(b) List the first five terms of the sequence.

2. An arithmetic sequence a begins with the values 11,7,.... Write its recursive definition using
function notation and sketch a discrete graph of the first 5 terms.

10
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1.3 Section C: What’s the Equation?

This final section transitions from inductive, step-by-step recursive observations to formal analytical models:
explicit closed-form expressions (n'! term) and cumulative series expansion formulas.

1.3.1 Lesson 8: The n'* Term
1. Core Mathematical Concepts

While recursive definitions link consecutive outputs efficiently, finding a remote index like f(100) directly
requires an explicit definition (or closed-form definition) to calculate the value of the term directly without
computing all previous terms.

Mathematical Invariants

¢ Arithmetic Explicit Formula: Derived from linear functions with a starting value and a con-
stant rate of change:

f(n)=f(1)+dn—-1) forn>1 or f(n)=f(0)+dn forn>0
¢ Geometric Explicit Formula: Derived from repeated exponential growth factors:

g(n)=g(1)- 7"t forn>1 or g(n)=g(0)-r" forn>0

2. Classical Instructional Frameworks

o Sierpinski Triangle Removal Analysis: Starting with an equilateral triangle, breaking it into 4
congruent equilateral triangles, and removing the middle triangle repeatedly models geometric struc-
tures. The count of yellow triangles triples each step ({1,3,9,27,...}), yielding the explicit formula
S(n) = 3™ for base index n > 0.

e Baseline Modeling Shifting: Developing structural adaptability by shifting equation baselines flaw-
lessly between n = 1 and n = 0 based on how the first term is chosen.

» Concept Check — Lesson 8 Practice

1. An arithmetic sequence is initialized recursively by f(0) = —20 and f(n) = f(n—1) —5 for n > 1.
Write a direct, non-recursive explicit definition for the n'" term of the sequence.

2. An equilateral triangle has an initial area of 256 square inches. At each step, a Sierpinski reduction
removes the middle triangle, scaling the remaining area by a factor of %. Write an explicit formula
tracking the area A(n) at step n.

13
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1.3.2 Lesson 9: What’s the Equation?
1. Core Mathematical Concepts

Mathematical formulas are dynamic models selected purposefully based on the analytical constraints and
real-world limits of the target situation.

2. Classical Instructional Frameworks

e« Water Cooler Depletion Scenario: A full water cooler is used to refill bottles. Each person takes
% of the remaining water, leaving a % fraction behind. The fraction of original water remaining forms
a geometric sequence:

2 2\"
Recursive: C(0) =1, C(n)=C(n—1)- 3 Non-recursive: C(n) = <§>
e Fibonacci Geometries: Constructing squares sequentially where each new square’s side length de-
pends on the previous two side lengths ({1,1,2,3,5,8,...}). This forms a second-order recursive
framework: F(n) = F(n — 1)+ F(n —2) for n > 3, which is neither arithmetic nor geometric.

» Concept Check — Lesson 9 Practice

1. Diego makes a stack of pennies starting with 5, adding them 1 at a time. A penny is 1.52 mm
thick. Complete the logic to determine the stack height h(n) after n pennies are added, and explain
why h(1.52) does not make sense in this context.

2. A piece of paper has an initial area of 80 square inches. Each person cuts off ;11 of the remaining
paper. Write an equation defining the remaining area A(n) after the n*™ person cuts, and state a
reasonable real-world domain for the function.

1.3.3 Lesson 10: Situations and Sequence Types
1. Core Mathematical Concepts

Real-world data tracks must be systematically analyzed for invariance properties (constant absolute dif-
ferences versus constant proportional growth factors) prior to choosing a linear or exponential sequence
model.

2. Classical Instructional Frameworks

o Population Trajectory Comparisons: Analyzing tracking matrices over time:
— Population A : {23k, 29k, 35k, 41k,...} = Difference = +6,000 — Arithmetic model.
— Population B : {3125,3750, 4500, 5400, ...} = Growth Factor = 1.2 = Geometric model.

Students apply equations to predict trends and calculate when exponential growth overtakes linear
functions.

» Concept Check — Lesson 10 Practice

1. A geometric sequence g(n) starts with the terms 20 and 60. Define g both recursively and explicitly
for the n*® term.

2. A growing fractal branch pattern tracks the number of total dots across steps. If Stage 1 has 2
dots, Stage 2 has 4 dots, and Stage 3 has 8 dots, determine whether the sequence is arithmetic,
geometric, or neither, and write an equation for the pattern.

14
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1.3.4 Lesson 11: Adding Up
1. Core Mathematical Concepts

A series represents the cumulative sum of the sequential terms comprising an underlying mathematical
sequence.

Mathematical Summation Layout

Evaluating partial sums tracks the total accumulation of values:
n
Snzzak=a1+a2+~--~l—an
k=1

For instance, receiving $1 on day one, and doubling the amount each day for seven days
($1,$2,%4,...,$64) results in a total sum of $127.

.

L

2. Classical Instructional Frameworks

e The Corridor Convergence Paradigm: Priya walks exactly halfway down a hallway and stops,
then travels half the remaining distance and stops again. This creates a geometric sum: %—i— i + % 4.
This model demonstrates visually how a discrete infinite process bounds tightly toward a clean spatial
limit of 1 full hallway length.

» Concept Check — Lesson 11 Practice

1. Evaluate the exact sum of each fractional geometric sequence segment mentally:
@ 1+
®) $+1+
@1+irdrd
2. An arithmetic sequence a starts with the terms 84 and 77. Define a recursively, and find an explicit
closed definition for the n'® term.
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1.4 Section D: Arithmetic and Geometric Sequences Supplement

This supplementary section introduces the rigorous mathematical foundations underpinning discrete nu-
merical progressions and their summations, a core component of advanced algebraic analysis. It bridges
sequential patterns with functional modeling by formalizing the explicit and recursive criteria for arith-
metic and geometric progressions, detailing the geometric behavior of finite sums, and mapping techniques
for extracting general terms from complex finite differences. By exploring foundational linear expansions
and exponential growth limits, this section delivers the theoretical and analytical rigor necessary to solve
optimization and discrete patterning matrices.

1.4.1 Supplement 1: Arithmetic Sequences and Essential Calculations
1. Core Mathematical Concepts

An arithmetic sequence is a discrete function where the difference between any consecutive terms remains
constant. This uniform spacing allows for the precise determination of any arbitrary term, the number of
active terms within a bounded boundary, and the total accumulated sum of the progression.

Linear Progressions and Bounded Formations

For an arithmetic sequence defined by an initial term a; and a constant common difference d:

1. The General Term Formula: The exact value of the n-th term a,, is modeled linearly by shifting
the baseline value by n — 1 operational increments:

anp =a;+ (n—1)d

2. Determining the Number of Terms (n): For a closed finite sequence ending at a specific
boundary value a,,, the total number of terms is extracted by isolating the operational variable:

3. Arithmetic Series Summation (Gauss Formula): The finite sum S,, of the first n terms
represents the scaling of the average of the boundary points across the structural size:
n(ar +an) n[2a1 + (n —1)d]

S, = =
2 2

2. Classical Instructional Frameworks

e« The Heavy Machinery Depreciation Log: Consider an industrial manufacturing node purchased
for $25,000 that depreciates by a fixed rate of $1,200 every active calendar year.
The value matrix maps directly to an arithmetic sequence where a; = 25,000 and d = —1,200. To
determine the asset valuation at the start of year 11, we calculate a;; = 25,000 + (11 — 1)(—1,200) =
25,000 — 12,000 = $13, 000.

18
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» Concept Check — Supplement 1 Practice

1. A structural civil engineering project uses reinforced concrete pillars whose loading capacities form
an arithmetic progression. If the 4th pillar holds 85 tons and the 9th pillar holds 115 tons, identify
the exact common difference (d) and the baseline capacity (a;) of this matrix:

A.d =06 tons, a; =67 tons
B. d =6 tons, a; =61 tons
C.d =5 tons, a; =70 tons

2. Consider the finite discrete arithmetic progression bounded by the values: 14,21, 28, ..., 357.
(a) State the numerical value of the common difference d and calculate the total number of terms
n operating within this closed range.
(b) Utilizing the arithmetic series formulas, determine the exact value of the total accumulated
summation S,,.
(c) Prove analytically that the sum of any two terms equidistant from the boundaries (e.g.,
ax + an—k+1) remains invariant.

1.4.2 Supplement 2: Geometric Sequences and Series Summation
1. Core Mathematical Concepts

A geometric sequence is a discrete system where each successive term is generated by scaling the previous
term by a fixed, non-zero multiplier known as the common ratio. Summing these exponential progressions
requires a geometric scaling factor that isolates the residual variations between shifted series states.

Exponential Growth and Geometric Grouping

For a geometric progression defined by an initial nonzero term a; and a constant common ratio r (r # 1):
1. The General Term Formula: The exact value of the n-th term a,, is modeled exponentially as:

2. Finite Geometric Series Summation: The finite sum S, of the first n terms represents the
bounded truncation of an exponential progression, mathematically derived via algebraic cancella-

tion as:
ar(1—r") a3 —apr
Sn = pr—
1—r 1—1r

2. Classical Instructional Frameworks

e The Automated Bioreactor Culture Expansion: A cleanroom medical trial tracks an isolated
bacterial strain that doubles its active population footprint every 4 hours. If the starting culture
contains a; = 250 active nodes, the progression is geometric with r = 2.

To evaluate the total cumulative biomass processed across the first 6 diagnostic checkpoints (n = 6),

an analyst deploys the series equation: Sg = 2501(1__226) — 250(_11_64) = 250(63) = 15, 750 units.

19
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» Concept Check — Supplement 2 Practice

1. A financial compound structure models a long-term equity asset whose payout matrix yields a
geometric progression. If the first term a; = 12 and the common ratio r = —%, identify the
absolute valuation of the 5th finite term as:

3
A.CL5:Z
3
B.a5:—1
3
C.CL5:§

2. An automated algorithmic script processes data packages sequentially, where the storage capacity
of each package scales geometrically. The structural configuration is written explicitly as S, =
Sp_y 53

(a) State the explicit numerical values for the initial term a; and the common scaling ratio r.

(b) Calculate the exact accumulated storage capacity required to process the first 8 data packages
(Ss)-

(c) Deduce the algebraic limiting constraint that prevents a user from evaluating an infinite series
sum () _p2; ar) when the structural parameter is set to r = 3.

1.4.3 Supplement 3: Formulating General Terms (a,) from Complex Sequence Matrices
1. Core Mathematical Concepts

Advanced algebraic synthesis often presents sequences that are neither purely arithmetic nor standard ge-
ometric. Finding the explicit general term a, under these conditions requires analytical techniques such
as evaluating consecutive finite difference levels or tracking structural patterns from recursive summation
expressions (Sy,).

Analytical Frameworks for General Term Extraction

To deduce the explicit pattern of an arbitrary sequence from its raw numerical matrix:

1. The Method of Finite Differences: If the first differences (A; = a1 — ax) are not constant,
but the second differences (Ag = Ay y41 — Ay k) are uniform, the sequence is quadratic, adhering
to the polynomial structure:

an, = An®>+ Bn+C

2. Extraction via Partial Sum Relationships: If a sequence is defined implicitly by its cumulative
sum function S, the explicit general formula for individual elements can be extracted for all indices
beyond the initial baseline by isolating the boundary difference:

a1 =51, and a,=S95,— 5,1 foreveryn>2

2. Classical Instructional Frameworks

¢ The Polynomial Node Topology Matrix: Consider an encrypted computing topology where data
nodes form the sequence: 3,9,19,33,51,...
Evaluating the first differences yields: 6,10, 14,18. Because these are not constant, we compute the
second differences: 4,4,4. The uniform second difference proves the system is quadratic (a, = An? +

20



Spring 2026 Algebra II Review

Bn+C) with 2A =4 = A = 2. By systemic substitution of the baseline conditions (a1 = 3,a2 = 9),
we extract the explicit algebraic rule: a, = 2n? + n.

» Concept Check — Supplement 3 Practice

1. The total cumulative data volume of an optimization engine across n server nodes is defined by
the algebraic sum function S, = 2n? + 5n. Identify the true explicit formula for the underlying
individual general term a,,:

A.a,=4n+5
B.a,=4n+3
C.a,=2n+3

2. A progressive discrete matrix generates the following ordered real-number dataset:
2,9,22,41,66, ...

(a) Map the first and second levels of finite differences for this sequence to prove that its structural
layout is governed by a quadratic polynomial function.

(b) Resolve the system of linear equations to determine the exact coefficient values for A, B, and
C in the target model a,, = An®> 4+ Bn + C.

(c) Given a secondary model defined implicitly by S,, = 3™ — 1, utilize the summation boundary
framework (S, — Sp—1) to show that its underlying general term is purely geometric: a,, =
2.3 1 for n > 2.

21



Spring 2026 Algebra II Review

CLASS NOTES

Name: Date: Topic:

22



Chapter 2

Unit 2: Polynomial Functions

2.1 Section A: What Is a Polynomial?

This section extends structural function analysis from linear and quadratic layers to higher-degree polyno-
mials, examining volumetric optimization contexts, end behavior trends, and the geometric mechanics of
polynomial graphs.

2.1.1 Lesson 1: Modeling Volume with Polynomials
1. Core Mathematical Concepts

Higher-degree polynomials naturally emerge when modeling multi-dimensional geometric variables. For
example, expressions representing fluid capacity or material volume tracking scale as polynomial functions.

Key Vocabulary

¢ Polynomial Function: A continuous function consisting of variables and coefficients, involving
only non-negative integer exponents.

¢ Degree: The highest variable exponent within the polynomial expression, determining the func-
tion’s fundamental growth classification.

¢ Optimization: The mathematical process of analyzing function outputs to identify absolute

maximum or minimum operational values within constraints.

2. Classical Instructional Frameworks

e The Open-Top Box Construction: An instructional cornerstone where a flat rectangular cardboard
sheet has identical small squares of side length = cut from each corner. Folding up the remaining flaps
yields a volumetric polynomial expression:

V(z) = x(Length — 2x)(Width — 2x)

Students must expand this product to see that it forms a cubic (3'9-degree) polynomial model.
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» Concept Check — Lesson 1 Practice

1. A structural designer fabricates an open-top storage bin from a flat sheet of material measuring
exactly 12 inches by 16 inches by removing squares of side length = from all four corners.
(a) Write a completely factored polynomial equation modeling the final volume V().
(b) Algebraically expand the product expression into its equivalent standard polynomial trinomial
form.
2. State a reasonable physical domain constraint for the variable input parameter x in the box-cutting
situation described above. Justify your geometric boundaries.

r
\

2.1.2 Lesson 2: Analyzing Higher-Degree Expressions
1. Core Mathematical Concepts

As the degree of a polynomial increases, its capability to model complex physical phenomena with multiple
turning points expands.

Standard Layout Dynamics

The standard presentation structural format organizes terms in descending order of exponents:
P(xr) = anz™ + an_12" 1+ -+ a1z +ag

Where a,, # 0 is the leading coefficient, n acts as the defining polynomial degree, and ag explicitly
mandates the y-intercept mapping coordinate.

\

.

2. Classical Instructional Frameworks

e Investigating Input Changes: Examining how a function’s rate of acceleration changes drastically
when inputs vary from minor integer parameters to extremely remote regional values.

e Structural Parameter Auditing: Teaching students to immediately isolate leading terms and trail-
ing constants to form quick mental estimates of a function’s core traits.

» Concept Check — Lesson 2 Practice

1. Analyze the structural composition of the mathematical polynomial function expression:
Q(z) = —4a3 + 7z* — 2z + 11

(a) Rewrite the expression so it perfectly reflects standard algebraic ordering.
(b) Explicitly identify the polynomial’s degree, leading coefficient, and y-intercept.
2. Evaluate the exact functional numerical output for P(—2) given the structural equation model
P(z) = 223 — 22 + 5z — 3.

,
\
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2.1.3 Lesson 3: End Behavior Transitions
1. Core Mathematical Concepts

The end behavior of a polynomial function describes the definitive behavior of the dependent outputs as
the independent inputs trend toward positive infinity (x — 00) or negative infinity (r — —00).

The Leading Term Dominance Rule

As variable inputs trend toward extreme values, the behavior of the single leading term (a,z™) entirely
dominates the function’s directional output trajectory, categorizing graphs into four structural invariant
frameworks based on whether the degree n is even or odd, and whether the leading coefficient a,, is
positive or negative.

2. Classical Instructional Frameworks

e« Even-Degree Invariance: Parabolic mirroring layouts where endpoints share identical vertical des-
tinations (e.g., both up or both down).

e Odd-Degree Invariance: Alternating rotational configurations where endpoints seek opposite ver-
tical regions (e.g., one down, one up).

» Concept Check — Lesson 3 Practice

1. Categorize and state the exact functional end behavior patterns for the given polynomial equations
using formal mathematical arrow notation (f(z) — ...):
(a) f(x)=—5z*+3z2—z+9
(b) g(z) =223 — T2% +4
2. A student claims that a polynomial with an odd degree and a negative leading coefficient will
trend toward positive infinity (f(z) — oo) as the variable values drop toward negative infinity
(x — —o0). Construct an analytical argument proving whether the student is mathematically
correct.

2.1.4 Lesson 4: Intercepts and Polynomial Graphing
1. Core Mathematical Concepts

Extracting linear root factors from a standard polynomial function allows educators and students to instantly
map its structural coordinate intercepts and outline global structural curves without utilizing digital grids.

2. Classical Instructional Frameworks

e The Zero-Product Property Application: Factoring polynomials directly isolates exact coordi-
nate roots (P(z) =0 = z-intercepts).
e Multiplicity and Tangency Behaviors: Analyzing how root tracking changes depending on local
exponent characteristics:
— A single root factor (z — r)! breaks straight across the axis line.
— A squared root factor (z —7)? bounces off the axis symmetrically, creating local point tangency.
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» Concept Check — Lesson 4 Practice

1. A factored mathematical cubic modeling equation is explicitly given as:

f(z) = 0.5(x — 1)(z + 3)?

(a) Identify all coordinates where the function meets the horizontal axis.
(b) Specify which coordinate root showcases tangent bouncing behavior.
(c) Evaluate the matching y-intercept location to lock down structural height.
2. Sketch a rough, cohesive graph representing a polynomial function with a degree of 3, roots located
exactly at x = —4,0, 2, and a leading term that is strictly positive.
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2.2 Section B: Working with Polynomials

This section deepens algebraic fluency by moving from foundational polynomial characteristics to rigorous
operational mechanics, focusing on higher-degree expansion, binomial products, polynomial long division,
and the predictive power of the Remainder Theorem.

2.2.1 Lesson 5: Multiplying Polynomial Expressions
1. Core Mathematical Concepts

Multiplying a polynomial expression by another polynomial requires a meticulous application of the dis-
tributive property, ensuring every individual term of the first factor is systematically multiplied by every
individual term of the second factor.

The Area Model vs. Distributive Property

To prevent missing intermediate cross-product terms during the multiplication of large polynomials, two
structural frameworks are highly recommended:

e The Area (Box) Model: A visual geometric grid layout where the lengths of rows and columns
represent the terms of the respective polynomials, making the collection of like terms simple and
visual.

e Algebraic Distribution: Explicitly splitting the first polynomial and mapping the distributions
sequentially:

(x+3)(2? — 224+ 5) = 2(2? — 224+ 5) + 3(2? — 2z + 5)

2. Classical Instructional Frameworks

e Combining Like Terms Diagnostically: Highlighting how exponents change during multiplication
(x - 22 = 23) versus addition (2 4+ 2% = 223), which is a frequent pitfall for students transitioning to
higher-degree algebra.

» Concept Check — Lesson 5 Practice

1. Expand and simplify the product of the given polynomial expressions completely. Express your
final answer in standard form:

Az) = (22 — 1)(32? + 4z — 5)
2. Use either a geometric area box model or systematic distributive steps to multiply P(z) = (2% —
3z + 2)(x +4). Show each individual intermediate step.
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2.2.2 Lesson 6: Expanding Cubics and Special Products
1. Core Mathematical Concepts

Expanding a cubed binomial or multiplying three distinct linear factors reveals predictable numerical pat-
terns that lay the groundwork for later binomial expansion theorems.

Special Cubic Expansions

Students should practice expanding identical binomial products until they recognize the foundational
structural invariants:
(z +a)® = 2% + 3az? + 3a%z + d®

3 3

(xz —a)® = 23 — 3a2? + 3’z — a

2. Classical Instructional Frameworks

o Three-Factor Sequential Evaluation: Emphasizing that when evaluating a product like (xz —
2)(z + 3)(xz — 5), students must completely multiply the first two binomials first, and then distribute
the resulting trinomial into the final linear boundary factor.

» Concept Check — Lesson 6 Practice

1. Expand the special cubed binomial expression completely into its standard form polynomial layout:

f@) = (@~ 3)

2. A structural volume function tracks three progressive dimensional variables represented by the
product equation V(z) = 2z(z + 5)(2z — 3). Algebraically convert this factored model into its
standard polynomial form.

2.2.3 Lesson 7: Polynomial Long Division Mechanics
1. Core Mathematical Concepts

Just as integers can be divided to find quotients and remainders, polynomial functions can be divided using
a highly parallel, algorithmic structural framework called **polynomial long division**.

The Division Algorithm Framework

When dividing a dividend polynomial P(z) by a divisor D(z), the relationship yields a unique quotient
polynomial Q(x) and a lower-degree remainder polynomial R(z), formatted as:

P(z) = D(z) - Q(z) + R(x)

2. Classical Instructional Frameworks

o The Missing Term Placeholder Pitfall: A critical checkpoint where if a dividend skips a power of
r (e.g., 23 — T2 + 6 skips the 22 term), students **must** insert a placeholder coefficient of zero (0x?)
to preserve vertical column alignment during the long division process.
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» Concept Check — Lesson 7 Practice

1. Perform long division to divide the cubic polynomial dividend by the linear divisor. State the final
quotient expression (x) and the constant remainder value R:

223 — 322 — 11z + 6
r—3

2. Divide 2% — 8 by the binomial # — 2. Remember to explicitly utilize placeholder terms for any
missing powers of x to guarantee correct column math.

,
\

2.2.4 Lesson 8: The Remainder Theorem and Root Factoring
1. Core Mathematical Concepts

The **Remainder Theorem™* creates an elegant, immediate algebraic bridge linking polynomial synthetic
division directly with functional coordinate evaluation.

The Remainder Theorem

If a polynomial function P(z) is divided by a linear binomial divisor in the form (z—c¢), then the resulting
constant remainder R is perfectly equal to the value of the function evaluated directly at c:

R = P(c)

The Factor Theorem Corollary: If and only if P(c) = 0, the constant remainder is zero, meaning
(z — ¢) is officially a certified factor of the polynomial graph.

\

.

2. Classical Instructional Frameworks

o Evaluating Remainder Efficiencies: Demonstrating to students that instead of setting up a massive
division table to see if a value is a zero root, they can simply substitute the value directly into the
function to check for convergence to 0.

» Concept Check — Lesson 8 Practice

1. Consider the polynomial equation model P(z) = 2* — 323 + 222 — 5z + 12.
(a) Use the Remainder Theorem to predict the exact remainder if P(x) is divided by the binomial
(x —2).
(b) Verify your prediction by executing full polynomial long division.

2. Test whether the linear binomial (z + 1) represents a perfect factor of the higher-degree function
f(x) = 323 + 522 — x + 1. Provide thorough mathematical justification for your conclusion.
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2.3 Section C: Graphs of Polynomials

This section explores the geometric behaviors of polynomial functions, defining how leading terms dic-
tate remote directional trajectories, examining how root multiplicity shapes localized axis interactions, and
determining intersections between intersecting polynomial systems.

2.3.1 Lesson 8: End Behavior (Part 1)
1. Core Mathematical Concepts

The end behavior of a function describes what happens to the outputs f(z) as the inputs = become very
large in the positive direction (x — oo) or very large in the negative direction (x — —00).

Leading Term Dominance

For any polynomial function, as x approaches infinity or negative infinity, the behavior of the single
term with the highest power (the leading term a,z™) completely dominates the entire function. All
other lower-degree terms become mathematically negligible in comparison.

2. Classical Instructional Frameworks

« Comparing Power Accruals: Contrast tables of values for f(x) = 2? versus g(z) = 2341022 +100z.

Show students that when z = 1000, the 2> term accounts for over 99% of the total output value, visually
proving leading term dominance.

» Concept Check — Lesson 8 Practice

1. For the polynomial function f(x) = —22* + 52% — 3z + 7, identify the leading term and describe
its end behavior using formal arrow notation as x — oo and * — —oo0.

2. True or False: A polynomial function with a positive leading coefficient must always approach
positive infinity as £ — oo. Justify your reasoning mathematically.

2.3.2 Lesson 9: End Behavior (Part 2)
1. Core Mathematical Concepts

By combining the characteristics of a polynomial’s degree (even vs. odd) and its leading coefficient (positive
vs. negative), we can categorize all polynomial graphs into four universal end behavior frameworks.
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The Four Invariant End Behaviors

o Even Degree, Positive Leading Coeff.: Up on the left, Up on the right. (f(z) — oo as
x — £00)

o Even Degree, Negative Leading Coeff.: Down on the left, Down on the right. (f(z) — —oc
as r — +00)

e Odd Degree, Positive Leading Coeff.: Down on the left, Up on the right. (f(z) - —oo as
x — —o0; f(z) = 00 as x — o0)

e Odd Degree, Negative Leading Coeff.: Up on the left, Down on the right. (f(z) — oo as
x — —o0; f(z) > —o0 as x — 00)

r
u

» Concept Check — Lesson 9 Practice

1. Match the following polynomial models to their correct end behavior classifications without sketch-
ing a full grid plot:
(a) P(z) =5z° — 423 + 2z
(b) Q(x) = —32°% + 22 — 12
2. Sketch a single continuous baseline graph that displays an odd degree and a negative leading
coefficient. Explicitly draw arrows pointing toward the correct end quadrants.

,
\

2.3.3 Lesson 10: Multiplicity
1. Core Mathematical Concepts

The exponent or power of a linear factor in a factored polynomial determines the localized geometric behavior
of the graph at that specific root intercept. This power is known as the **multiplicity** of the root.

Multiplicity Behavior Rules

Let (x — r)™ be a factor of a polynomial function:
e Odd Multiplicity (m = 1): The graph crosses directly straight over the z-axis line.
o Higher Odd Multiplicity (m = 3,5,...): The graph flattens out temporarily but still crosses
over the axis.
o Even Multiplicity (m = 2,4,...): The graph is tangent to the axis, meaning it bounces off the
x-axis line at (r,0) without crossing over.

,
.

» Concept Check — Lesson 10 Practice

1. Given the factored cubic polynomial model f(z) = —0.5(x — 2)(x + 4):
(a) Identify all distinct z-intercepts of the function.
(b) State the multiplicity of each root and describe the local behavior of the graph at each
intercept point.
2. Write an equation for a polynomial function of degree 3 whose graph crosses the z-axis at x = —1
and bounces off the z-axis at = 3.
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2.3.4 Lesson 11: Finding Intersections
1. Core Mathematical Concepts

Finding the **intersections** of two functional graphs involves solving a system of equations where f(x) =
g(z). For polynomial functions, this process transforms the geometric intersection coordinates into the real
roots of a new unified polynomial expression.

Intersection of Polynomials

To determine the precise coordinate positions where two polynomial curves cross:
1. System Equalization: Set the two functions equal to one another: f(x) = g(x).
2. Zero Transformation: Move all terms to one side to set the entire system equal to zero: f(z) —
g9(x) = 0.
3. Root Analysis: Factor or utilize technology to isolate the real solutions for x, then evaluate back
into either function to secure the corresponding coordinate pairs.

,
.

» Concept Check — Lesson 11 Practice

1. Determine all coordinate intersection points for the given system of polynomial functions alge-
braically:
f(x)=2®—222+52—3 and g(z)=2>+5z—3

2. Two moving objects travel along paths modeled by p(r) = 3 — 4z and q(z) = 22%. Calculate the
exact z-coordinates where their paths cross.
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2.4 Section D: Polynomial Division

This section expands algebraic reasoning to the structured division of polynomial functions, explor-
ing programmatic area diagrams, vertical algorithmic long division systems, and the analytical properties
governed by the Remainder Theorem.

2.4.1 Lesson 12: Polynomial Division (Part 1)
1. Core Mathematical Concepts

If we know that a polynomial function p(z) satisfies p(a) = 0, then graphically the point (a,0) is a horizontal
intercept. Algebraically, this means that (x — a) is a linear factor of the polynomial expression, meaning
p(z) = (x — a) - q(x) for some polynomial ¢(x) of a lower degree. To find the missing factor ¢(x), we
can reverse the process of polynomial multiplication by organizing our algebraic components into an area
diagram. By placing the known divisor along one side and matching the internal cells to the target standard
polynomial, we can work backward to deduce each missing coefficient.

» Concept Check — Lesson 12 Practice

1. The cubic polynomial function p(z) = 23 — 322 — 10z + 24 has a known linear factor of (z — 4).
(a) Finish the reverse analysis using an algebraic area diagram to rewrite p(x) as a product of
three linear factors.
(b) Find all horizontal intercepts of the function and sketch a rough visual draft of the curve.
2. Tyler wants to check whether (z — 1) is a factor of the expression P(z) = 23 — 922 + 23z — 15. He
sets up a diagram and incorrectly concludes that the quotient has a middle term of —8x. Explain
Tyler’s mistake in balancing the internal matching columns for the 22 terms.

2.4.2 Lesson 13: Polynomial Division (Part 2)
1. Core Mathematical Concepts

Just as integers can be divided stage-by-stage using placeholders for powers of 10, polynomial functions can
be systematically divided using a parallel vertical framework called polynomial long division. Instead
of focusing on place values, this division process focuses strictly on the powers of z. At each step, we look
only at the term with the largest exponent that remains, dividing the leading term of the dividend by the
leading term of the divisor, subtracting the distributed result, and working downward in columns until we
reach the constant term.
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» Concept Check — Lesson 13 Practice

1. Use the vertical algorithmic system of polynomial long division to divide the cubic expression by
the linear binomial, and state the final quadratic quotient expression Q(x):

23 — T2 + 2+ 10
xr—2

2. Find the missing linear factors for each pair of equivalent expressions using long division:
(a) 23 + 622+ 2 —10 = (z + 2)(z — 1)( )
(b) 223+ 722 - Tz —12=(2z-3)( ) )

2.4.3 Lesson 14: What Do You Know About Polynomials?
1. Core Mathematical Concepts

A single polynomial function can be analyzed and understood through many equivalent lenses. standard form
excels at highlighting the leading term, the degree, and the vertical y-intercept; factored form immediately
displays the zeros and the horizontal z-intercepts; and graphing technology lets us visualize the turning
points and relative extrema. We can dynamically transition between these structures using polynomial
expansion or division systems depending on our analytical goal.

» Concept Check — Lesson 14 Practice

1. We know the following characteristics about a specific polynomial function f: it has a degree of 4, a
positive leading coefficient, exactly two relative maximums, and three distinct horizontal intercepts.
Sketch a possible graphical model of f that matches all these parameters simultaneously.

2. A polynomial function B(x) = 2® + 822 + 5z — 14 is known to have a root at z = —2. Execute
long division or a grid layout to express B(z) completely as a product of three linear factors.

2.4.4 Lesson 15: The Remainder Theorem
1. Core Mathematical Concepts

The Remainder Theorem establishes an immediate algebraic connection linking polynomial division di-
rectly with functional evaluation. If a polynomial function p(x) is divided by a linear binomial divisor (z—a),
the resulting constant remainder r is perfectly equal to p(a).
o The Factor Theorem Corollary: If and only if p(a) = 0, the remainder r is zero. This proves that
(x — a) is a perfect factor of the polynomial function, and x = a is a certified zero of the curve.
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» Concept Check — Lesson 15 Practice

1. Consider the higher-degree polynomial function f(x) = x* — ua® 4 2422 — 322 4 16, where u
represents an unknown real coefficient. If the linear binomial (x — 2) is known to be a perfect
factor of the function, determine the exact value of wu.

2. A cubic polynomial function is defined by p(z) = 23 4 7z? — 20z — 110.

(a) Use the Remainder Theorem to predict the exact numerical remainder if p(x) is divided by
(x — 5) by evaluating p(5).
(b) Verify your prediction by performing a full polynomial long division.

41



Spring 2026 Algebra II Review

CLASS NOTES

Name: Date: Topic:

42



Spring 2026 Algebra II Review

CLASS NOTES

Name: Date: Topic:

43



Spring 2026 Algebra II Review

2.5 Section E: Advanced Polynomials and Factorization Supplement

This supplementary section presents a rigorous treatment of polynomial algebra, mapping the structural
transformations of algebraic expressions from initial roots to complex factorizations. It establishes the
theoretical connection between linear factors and polynomial zeros, details systematic algorithmics for non-
linear division, and formalizes identity matching through coefficient equivalence. By mastering classical
binomial expansions, higher-degree symmetric forms, and advanced multi-step grouping techniques, students
develop the foundational algebraic fluency required to analyze complex functional domains and optimize
rational systems.

2.5.1 Supplement 1: The Factored Form and the Factor Theorem
1. Core Mathematical Concepts

The structural geometry of a polynomial function is intrinsically tied to its linear components. The Factor
Theorem provides a bi-directional bridge establishing that a scalar value ¢ constitutes a root of a polynomial
if and only if the binomial expression (x — ¢) behaves as a perfect, remainder-free divisor of that polynomial.

Linear Decompositions and Zero Matrices

Let P(z) be a polynomial function of degree n with a leading coefficient a,:

1. The Root-Factor Equivalence: If a polynomial evaluates to zero at a specific coordinate (P(c) =
0), then ¢ is a root (or zero) of the function, and (z — ¢) is a structural factor of P(x).

2. The Factored Form Representation: An n-th degree polynomial containing n distinct real
roots r1,r9,...,r, can be expressed entirely as a product of its linear terms scaled by its leading
coeflicient:

P(z)=ap(x —ri)(x—ro)...(x —ry)

3. Multiplicity Constraints: If a root factor appears repeated k times, written as (z — r)¥, the
root has multiplicity k, altering the graphical behavior from a clean intercept (k = 1) to a tangent
inflection or bounce point.

2. Classical Instructional Frameworks

e Constructing Bounded Polynomial Curves: Suppose an analyst needs to construct a cubic
polynomial P(x) whose graphical path intersects the horizontal axis at z = =2, x = 1, and = = 5,
while passing through the tracking node (0, 20).

Using the factored form template: P(x) = an(z + 2)(z — 1)(z — 5). Substituting the tracking node
yields: 20 = a,(0+2)(0—1)(0 —5) = 20 = 10a,, = a,, = 2. Thus, the exact structural layout is
P(z) =2(z+2)(x — 1)(z — 5).
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» Concept Check — Supplement 1 Practice

1. A quartic polynomial profile Q(z) has a leading coefficient of —1. Its baseline zeros are recorded
at x = —3 (multiplicity 2), z = 0, and x = 4. Identify the correct factored expression representing

Q(x):

A. Q(z) = —x(z — 3)%(x — 4)
B. Q(z) = —z(z +3)*(z — 4)
C.Q(z) = —(z +3)*(z — 4)

2. Consider a private engineering model modeled by a cubic expression f(z) = a(x® + bx? + cx + d).
The system contains known operational null points at x = —1,z = 2, and x = 3.
(a) Formulate the baseline factored template for f(z) including the unknown scaling scalar a.
(b) If the system matrix dictates that f(1) = 16, evaluate the exact numerical value of the leading
coefficient a.
(c) Expand your final factored structure into standard polynomial form (ax® + bx? + cx + d) to
isolate the true value of the structural constant d.

2.5.2 Supplement 2: Polynomial Long Division
1. Core Mathematical Concepts

When factoring or simplifying higher-degree polynomials where the divisor is not limited to a simple linear
binomial (x — ¢), researchers utilize Polynomial Long Division. This systematic algorithm mirrors the
structured column framework of standard arithmetic long division, tracking terms by descending degrees.

The Framework of Vertical Long Division

For a dividend polynomial P(z) divided by a divisor polynomial D(z):

1. Descending Alignment: Write both polynomials in descending order of degrees. If an inter-
mediate power of x is missing, a 0 placeholder coefficient must be inserted to preserve column
alignment.

2. The Divide-Multiply-Subtract Loop:

e Divide: Divide the leading term of the dividend by the leading term of the divisor to deter-
mine the next term of the quotient.

e Multiply: Multiply this new quotient term by the entire divisor expression.

e Subtract: Subtract the resulting product column-by-column from the current dividend terms
to yield a new, lower-degree remainder.

3. Termination Criteria: Repeat the loop until the degree of the running remainder is strictly less
than the degree of the divisor D(x).

2. Classical Instructional Frameworks

« Worked Example (Step-by-Step Vertical Matrix): Let us divide 223 — 722 + 5 by the linear
factor (z — 3). Because the linear degree z! is missing from the dividend, we append a Oz placeholder
to secure the vertical structural alignment.

The formal polynomial long division vertical layout is executed as follows:
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222 — 2 — 3
x—3) 223 — 722+ 0z + 5 (Divisor and Dividend)
— (223 — 622) Multiply: 222 x (z — 3))

(Quotient)
(
(
—22 4+ 02z +5 (Subtract and bring down)
(
(
(
(

—(—2% + 3z) Multiply: — 2 x (x — 3))
—3x +5 (Subtract and bring down)
—(=3z+9)

—4

Multiply: — 3 x (z — 3))

Final Remainder)

Detailed Operational Steps:
1. First Term: Divide the first term 223 by z to get 222. Place it on top. Multiply 22%(z — 3) =
223 — 622, Subtracting this from the dividend leaves —1z2. Bring down the +0z.
2. Second Term: Divide —22 by z to get —z. Place it on top. Multiply —z(z — 3) = —22 + 3x.
Subtracting this from the running line leaves —3xz. Bring down the +5.
3. Third Term: Divide —3z by z to get —3. Place it on top. Multiply —3(x — 3) = —3z + 9.
Subtracting this from —3z 4 5 yields the final constant numerical remainder of —4.
22372245 _ 21, 4

z—3 ."L‘—3—x_3.

» Concept Check — Supplement 2 Practice

1. Evaluate the following vertical division layout. A polynomial division yields the following step:
(322 — 5z + 2) — (322 — 62). Identify the correct resulting row after performing this column-wise

Thus, the complete decomposition is written as:

subtraction:
A —11x+2
B.x+2
C. —z+2

2. An automation script processes an engineering curve defined by the rational expression
33422 —5a+7
242z

(a) Sketch out the complete vertical long division setup, aligning terms by their respective de-
scending power coordinates.

(b) Execute the full divide-multiply-subtract cascade to extract the linear quotient expression
Q(z) and the remaining fractional remainder R(z).

(c¢) Justify why the long division process must terminate once the remaining expression reaches
the state  + 7.

2.5.3 Supplement 3: The Method of Equating Coefficients (Coefficient Matching)
1. Core Mathematical Concepts

An algebraic identity dictates that two polynomial expressions are equivalent for all values within their shared
domain if and only if their underlying structures match perfectly. The Method of Equating Coefficients
formalizes this by stating that if two polynomials are equal, the coefficients of their corresponding degrees
must be identical.
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Structural Balance and Degree Equivalence

Let two polynomials of degree n be defined as P(z) = a,2™ + ap_12" 1 +--- + ag and Q(z) = b,2™ +
bn_lxn_l + -4 bg.
1. The Invariance Principle: If P(z) = Q(x) for all real numbers z, then every individual corre-
sponding power matrix balances perfectly:

an = bnv an—-1 = bnfla N s e b1, ag= by

2. Systemic Resolution: This equivalence transforms a complex polynomial identity into a de-
terministic system of independent linear equations, allowing for the rapid extraction of hidden
parameters or coefficients.

2. Classical Instructional Frameworks

e Deconstructing a Cubic Transformation Matrix: Suppose we are given the algebraic relationship
223 — 322 4+ 42 — 5 = (2x — 1)(A2? + Bz + C) + D, and we need to isolate the values of the parameter
constants.

Expanding the right side yields: 24z% + (2B — A)z? + (2C — B)x + (D — C).
Matching the coefficients of matching degrees creates a clear system:
— Fora?:24=2 —= A=1

For 2%: 2B— A=-3 = 2B—1=-3 = B=-1

Forz': 2C-B=4 = 2C—(-1)=4 = 20=3 = C=15

—For2®: D-C=-5 = D—-15=-5 = D=-35

» Concept Check — Supplement 3 Practice

1. Given the polynomial identity 322 + kx — 14 = (3x — 7)(z + 2), use the principle of coefficient
matching to determine the true value of the linear scaling term k:

A k=-1
B.k=1
C.k=-14

2. Suppose a fractional decomposition process relies on the structural polynomial equation: z2+ 7z +
2=A(x%>-1)+ B(z +1)(z —2) + C(z? + z).
(a) Fully expand and rearrange the right-hand side of the identity by grouping terms with identical
powers of x.
(b) Equate the resulting expressions to the left-hand coefficients to build a 3-variable system of
linear equations.
(c) Solve the system completely to extract the exact values for parameters A, B, and C.

2.5.4 Supplement 4: Foundational Algebraic Identities (Special Products)
1. Core Mathematical Concepts

Certain binomial combinations generate predictable polynomial distributions when expanded. Recognizing
these symmetric pathways in reverse allows researchers to shortcut long expansions and instantly factor
higher-degree structures.
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The Canon of Polynomial Identities

The structural configurations for standard second and third-degree polynomial expansions are defined
as:

1. Difference of Squares:
a’? —b? = (a—b)(a+b)

2. Perfect Square Trinomials (Expansion and Compression):
a®+2ab+b* = (a+b)? and a® —2ab+b* = (a —b)?
3. Sum and Difference of Cubes:

a® + b = (a +b)(a® — ab + b?)

a® — b = (a —b)(a® + ab+ V?)

2. Classical Instructional Frameworks

« The Composite Quadratic Matrix: Consider the expression 162* —81. An investigator notes that
this matches the Difference of Squares profile by treating a = 4z and b = 9.
The initial transformation yields: (4z? — 9)(42? + 9). Looking closer, the first factor (422 — 9) is
itself a secondary difference of squares (a = 2z,b = 3). Factoring this sub-component yields the fully
optimized expression: (2z — 3)(2z + 3) (422 + 9).

» Concept Check — Supplement 4 Practice

1. Factor the cubic structural expression 823 4+ 27 completely using the special product definitions:

A. (2x +3)(4x% — 122+ 9)
B. (2z + 3)(42”® — 62 +9)
C. (2z + 3)(2z? — 6z + 3)

2. Consider the higher-degree polynomial configuration written as 2% — /5.
(a) Treat the expression as a difference of squares ((22)? — (y3)?) to write its initial factored
breakdown.
(b) Apply the sum and difference of cubes formulas to the intermediate factors to expand the
expression into its final, completely factored components.
(c) Prove that evaluating the expression via an alternative path—treating it first as a difference
of cubes ((2?)3 — (y?)3)—yields the exact same mathematical result.

2.5.5 Supplement 5: Advanced Factorization Tactics (Polynomial Deformation)
1. Core Mathematical Concepts

When a polynomial does not cleanly fit a standard identity, it must undergo systematic manipulation or
deformation. This requires layered strategic sorting, matching terms, or breaking down coeflicients to uncover
hidden structural factors.
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The Hierarchy of Factorization Techniques

When restructuring a complex polynomial expression, apply the following procedural techniques in order:

1. Greatest Common Factor (GCF) Extraction: Isolate and factor out the highest common
monomial scalar or variable footprint across all active terms before applying other methods: m -
a+m-b=m(a+b).

2. The AC Method / Cross-Multiplication Method: For a trinomial ax? + bz + ¢, find two
integers p and g whose product equals ac (p - ¢ = ac) and whose sum equals b (p + ¢ = b). This
maps directly to a factoring grid.

3. Grouping Method: For polynomials with four or more terms, partition the expression into
distinct sub-groups, extract the local GCF from each group, and search for an emerging binomial

common factor.

2. Classical Instructional Frameworks

« The Multi-Stage Grouping Deflation: Factor completely: 3z3 — 322 — 12z 4 12.
1. Estract the global GCF: 3(z% — 2% — 4x + 4).
Apply Grouping inside the brackets: Group the terms as (2® — 22) — (4o — 4).
Extract local GCFs: 3[z%(z — 1) — 4(z — 1)].
Factor out the common binomial factor (x —1): 3(x — 1)(2? — 4).
Apply formulas to remaining parts: Recognizing (22 — 4) as a difference of squares yields the final
complete factoring: 3(x — 1)(z — 2)(x + 2).

» Concept Check — Supplement 5 Practice

1. Factor the trinomial expression 222 + 72 — 15 completely using the cross-multiplication or AC
method:

AN

A. (22 - 3)(z+5)
B. 2z +5)(x — 3)
C. 2z —5)(z + 3)

2. Consider the multi-variable structural polynomial defined as z2 — y? + 6z + 9.
(a) Rearrange the expression and group the terms into a configuration that reveals a perfect
square trinomial.
(b) Rewrite that group as a squared binomial to transform the entire expression into a clear
difference of squares pattern.
(c) Complete the factorization to break down the final expression into a product of linear bino-
mials.
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Chapter 3

Unit 3: Rational Functions and Equations

3.1 Section A: Rational Functions

This section extends structural function analysis to rational expressions, defining how variable denomina-
tors introduce vertical asymptotes, scaling limits, and localized geometric constraints in physical optimization
scenarios.

3.1.1 Lesson 1: Minimizing Surface Area
1. Core Mathematical Concepts

A rational function is formed by the quotient of two polynomial expressions where the variable exists
within the denominator. Real-world physical design and engineering constraints naturally construct rational
terms during geometric optimization.

Volumetric Optimization Constants

When designing a continuous tracking vessel (such as a cylindrical aluminum can) with a strictly fixed
volume V', the required surface area A scales non-linearly as an explicit function of its radius r:

V = 7T7’2h E h = LQ
T
2
A(r) = 2mr? 4 2nrh = 27r? 4 27 (VQ) — 22 4 2V
r r

Analyzing this combined expression allows students to locate the explicit dimensions that minimize
material production costs.

. J

2. Classical Instructional Frameworks

e The Aluminum Can Design Matrix: Tracking how changing the base radius changes surface
allocations. Show students that as » — 0, the rational term % — 00, proving that an extremely
narrow cylinder requires massive surface areas.
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» Concept Check — Lesson 1 Practice

1. A manufacturing plant must construct a cylindrical storage container with an absolute fixed volume
of 500 cm3.

(a) Express the absolute height h as a rational function modeling the variable base radius r.

(b) Construct the total surface area formula A(r) purely in terms of the single variable parameters
r.
2. Explain what happens geometrically to the physical shape of the tank as the variable radius
parameter drops close to zero.

3.1.2 Lesson 2: Graphs of Rational Functions (Part 1)
1. Core Mathematical Concepts

The structural defining feature of rational graphs is the presence of breaks or boundary lines called **asymp-
totes™* caused by mathematical domain exclusions.

Vertical Asymptotes & Domain Restrictions

Because division by zero is strictly undefined in mathematics, any real input value that forces the
denominator polynomial to drop to zero (D(x) = 0) while the numerator remains non-zero is completely
excluded from the valid tracking domain. This restriction visualizes as a vertical line boundary equation
known as a vertical asymptote.

2. Classical Instructional Frameworks

o Analyzing the Reciprocal Parent Graph: Evaluating f(z) = % As z approaches 0 from the
positive side (x — 07), outputs explode toward infinity (f(xz) — o0). As z approaches 0 from the
negative side (x — 07), outputs plummet toward negative infinity (f(x) — —o0).

» Concept Check — Lesson 2 Practice

1. State the excluded structural domain values and write the precise linear equations for all vertical
asymptotes tracking the given rational expressions:

(a) f(z) =355

(b) 9(z) = 5555

2. Describe the directional behavior of the functional outputs for f(x) =
trend extremely close to the right side of the domain boundary at x

1

—— as independent variables
=

3.1.3 Lesson 3: Graphs of Rational Functions (Part 2)
1. Core Mathematical Concepts

Rational structures can contain complex configurations of intercepts and asymptotic boundaries depending
entirely on how root parameters map across algebraic dimensions.
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2. Classical Instructional Frameworks

e Isolating Coordinate Key Markers:
— z-intercepts: Realized exclusively when the numerator polynomial converges to zero (N (z) = 0),
provided the denominator remains non-zero.
— y-intercepts: Calculated by setting the independent system variable to zero (x = 0).

» Concept Check — Lesson 3 Practice
1. Analyze the detailed structural traits of the factored rational mapping expression:

r—3

") e -9

2. State the complete set of vertical asymptote boundary path lines.

3. Determine the exact coordinate location tracking its real horizontal intersection intercept.

4. Sketch a clean, localized rough outline layout mapping how the curves segment across the structural
grid coordinate plane.

,
\

3.1.4 Lesson 4: End Behavior of Rational Functions
1. Core Mathematical Concepts

The remote directional tracking of a rational curve as inputs march toward positive or negative infinity
(z — +00) is governed entirely by a horizontal line path called the **horizontal asymptote™*.

The Polynomial Degree Domination Rules

To extract horizontal asymptotic structures standardly, compare the degree of the numerator polynomial
n with the degree of the denominator polynomial m:
o Denominator Degree Dominates (n < m): The values converge tightly to the horizontal axis
line: y = 0.
o Equal Balanced Degrees (n = m): The outputs level off perfectly at the ratio of their leading
coeflicients: y = g—l

& J

» Concept Check — Lesson 4 Practice

1. Identify the exact line equations defining the horizontal asymptotes for the given mathematical

models:
_ 3z2—5z42
(a) f(z) = Tfr

_ 5z+12
(b) g9(z) = 57—
2. Analyze the global structural output tracking direction for P(z) = gﬁ_}l using formal arrow limit
notation as variable inputs drop toward extreme negative infinity fields (z — —o0).

-
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3.2 Section B: Rational Equations

This section transitions from the geometric analysis of rational curves to the algebraic verification of
rational equations, exploring system constraints, mathematical equivalence transformations, and the formal
isolation of extraneous solutions.

3.2.1 Lesson 5: Rational Equations (Part 1)
1. Core Mathematical Concepts

A rational equation is an algebraic equation containing at least one rational expression where a variable
exists in the denominator. Solving these equations requires clearing the fraction structures to create solvable
polynomial forms.

Mathematical Invariance and Balance

When multiplying both sides of an equation by an algebraic variable expression to clear denominators,
we assume the scaling factor does not equal zero.
3

1
- = = lz+2)=3z = 2z42=3 = 2r=2 = z=1
r z+2

Students must always evaluate the final isolated value against the original denominator restrictions to
guarantee mathematical validity.

S

.

2. Classical Instructional Frameworks

e The Constant Work Rate Paradigm: Modeling collaborative problem-solving tasks. If Person A
completes a task in 3 hours and Person B completes it in x hours, their combined execution speed is
tracked by the rational model: % + % = %

» Concept Check — Lesson 5 Practice
1. Solve the basic rational equation model for the isolated variable parameter x:

6 9
x r—4

2. An automated industrial pump can drain a commercial water pool in 4 hours. A secondary backup
pump requires x hours to complete the identical task alone. Write a rational equation tracking
their combined performance rate if they operate simultaneously to empty the pool in 2.5 hours.
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3.2.2 Lesson 6: Rational Equations (Part 2)
1. Core Mathematical Concepts

As rational expressions expand to incorporate more complex binomial polynomial inputs, isolating values
requires the systematic execution of a common scaling denominator.

The LCD Multiplication Technique

To solve complex equations efficiently:
1. Identify the LCD: Isolate the Least Common Denominator (LCD) of all fractional fractions in
the equation system.
2. Distribute and Eliminate: Multiply every separate term on both sides by that full LCD package
to completely clear all rational structures.
3. Polynomial Expansion: Solve the remaining linear or quadratic trinomial equation using stan-
dard factoring laws.

r
\

» Concept Check — Lesson 6 Practice

1. Clear the fractions and solve the expanded rational polynomial expression completely:

> 14
r+3 = z(z+3)

2. Determine the structural restriction boundaries for the variable x in the equation system above
prior to initiating any algebraic multiplication steps.

3.2.3 Lesson 7: Solving Rational Equations
1. Core Mathematical Concepts

The algebraic process of multiplying by variable expressions can inadvertently introduce invalid solutions
known as **extraneous solutions**.

Extraneous Solutions Definition

An extraneous solution is an algebraic root that emerges correctly during the step-by-step math of
clearing fractions, but fails to satisfy the original equation because it forces a denominator to equal zero
(D(z) = 0). Because division by zero is strictly impossible, these values are mathematically invalid and
must be discarded.

2. Classical Instructional Frameworks

o The Zero-Denominator Trap: Analyze the setup: —%5 = CEQT2 + 3. Multiplying by the LCD (x — 2)
yields © = 2 4 3(z — 2), which solves to z = 2. However, plugging x = 2 back into the original
expressions triggers an immediate division by zero, proving that z = 2 is extraneous and the system
actually has no real solution.
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» Concept Check — Lesson 7 Practice

1. Solve the given rational equation and thoroughly audit your final roots to determine if any isolated
parameters are mathematically extraneous:

x2 25

x—5 x-5

2. A student solves a complex system and identifies two potential zero roots: x = —3 and = = 4. If
the original expression layout contained a term formatted as Tzlﬁ, construct an analytical proof
identifying which root must be immediately discarded.
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3.3 Section C: Polynomial Identities

This section establishes algebraic mastery over polynomial structures, rational identities, and finite sum-
mation logic, stepping from symmetric expansion proofs to sequential compounding models.

3.3.1 Lesson 8: Polynomial Identities (Part 1)
1. Core Mathematical Concepts

A polynomial identity is an algebraic equation that remains true for every possible numerical value
substituted for its variables. Proving an identity requires expanding or factoring one side of the equation
until it is structurally identical to the other side.

Difference of Higher Powers

Students demonstrate mastery by distributing, regrouping, and factoring symmetric polynomial products
to prove that the left-hand side matches the right-hand side flawlessly:

(z—D(z+1)=22-1
(x—D(?+z+1) =21
(z—D(E@*+2®+z+1)=2*-1

This systematic progression reveals a predictable algebraic invariant structure for expanding =" — 1.

\

.

» Concept Check — Lesson 8 Practice

1. Expand the polynomial product expression completely and combine all like terms to prove it forms
a valid identity:
f(z) = (z = 3)(2® + 3z +9)

2. Use a standard binomial special product identity to evaluate the precise numerical value of 992
mentally without utilizing long multiplication grids.

,
\

3.3.2 Lesson 9: Polynomial Identities (Part 2)
1. Core Mathematical Concepts

The structural expansion rules established in Lesson 8 can be generalized to define the universal algebraic
identity for the difference of any matching n*® powers.
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The General Power Identity

For any positive integer exponent n, the foundational factoring layout is written as:
" —1=(-DE"1+2" 24" 34t 4+1)

This specific polynomial identity allows mathematicians to quickly evaluate extensive chains of geometric
progressions and polynomial division segments.

r
.

» Concept Check — Lesson 9 Practice

1. Prove the following polynomial statement algebraically by executing full term-by-term distribution
across the binomial boundary:

?—1=(z-(z*+2z2+2° +x+1)

2. Show how substituting the value x = 2 into the general identity framework yields an immediate
formula for calculating the sum of the powers of 2.

3.3.3 Lesson 10: Summing Up
1. Core Mathematical Concepts

The Summing Up process leverages polynomial identities to derive the finite geometric series summation
formula. It converts long, sequential addition chains into a single rational expression.

Derivation of the Finite Sum

By substituting a common ratio r into the power identity where x = r, we can model the finite accumu-
lation of n proportional terms:

1—7"

Il =

Sn=1+r+r2+r3+---+r”_1:

Multiplying by an initial scaling value a; encapsulates the full invariant law for any standard geometric
series expansion.

r
.

» Concept Check — Lesson 10 Practice

1. Apply the finite algebraic summation identity to find the exact simplified fractional value of the
series without term-by-term calculation:

Spo=1+24+248 L 4 (2 N
20— 2T3T9 o7 3

2. Find the continuous finite sum of the first 20 terms for the given structured sequence:

3 6 12 24 48
3797277817
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3.3.4 Lesson 11: Using the Sum
1. Core Mathematical Concepts

The closed-form summation models established in Lesson 10 provide the definitive tools required to solve
real-world problems involving financial annuities, long-term savings structures, and multi-year compounding
calculations.

2. Classical Instructional Frameworks

e Diego’s 25-Year Compound Interest Pitfall: Diego attempts to evaluate his savings trend—
depositing $150 annually at a 4% interest rate (r = 1.04) over 25 years. He erroneously sets up his

2
formula as w and obtains an impossible result of $156.25. Students must audit his math

layout, locate his algebraic denominator error, and restore the correct financial valuation.

» Concept Check — Lesson 11 Practice

. . . . . 150(1—0.04%%)
1. Diego calculates his 25-year compounding growth fund using the expression ——-g5s—— = 156.25.

(a) Explain the compounding logic error that Diego committed in his formula layout.
(b) Show or write out the mathematically correct rational expression that represents his true
total accumulation.

2. A saver sets up a long-term investment plan by depositing money into two different banking
programs. Determine how many years it will take to successfully save an accumulation of $10, 000
using the given parameters:

(a) Bank A: Annual deposits with fixed compounding series.
(b) Bank B: Alternating proportional interest payouts.
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Chapter 4

Unit 4: Complex Numbers and Rational
Exponents

4.1 Section A: Exponent Properties

This section establishes the foundational laws of exponents, extending the arithmetic of powers from
integers to positive and negative rational exponents, while bridging exponential notation with radical rep-
resentations.

4.1.1 Lesson 1: Properties of Exponents
1. Core Mathematical Concepts

Exponent rules help us keep track of a base’s repeated factors. Negative exponents keep track of repeated
factors that are the reciprocal of the base. We can define any positive number to the power of 0 to have a
value of 1 (5° = 1).

Algebraic Rules of Exponents

Here, the base b can be any positive number, and the exponents n and m can be any integer:
bm
o

» Concept Check — Lesson 1 Practice

1. Find the value of each variable that makes the equation true. Be prepared to explain your reason-

1
=" | b= | a b =(a )" | =1

Lyt = bm+n | (bm)n — pmn | =

mg:
(a) 2325 =2¢
(b) ()" =7
() 8=

2. Select all the expressions equivalent to 772 - 7° . 73:
(@ 0 B.1 C.1 D.7° E. 7
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4.1.2 Lesson 2: Square Roots and Cube Roots
1. Core Mathematical Concepts

If a square has a side length of s, then the area is s?; if a square has an area of A, then the side length is
V/A. For a positive number b, the square root v/b is defined as the positive number that squares to make b,
and it can be thought of as a solution to the equation z? = b. Similarly, the number /a is defined as the

number that cubes to make a, which is a solution to the equation z> = a.

» Concept Check — Lesson 2 Practice

1. A cube has a volume of 7 units. State its exact edge length using radical notation (\3’/7 ).
2. Find the two whole numbers that are the closest to v/42, and explain your reasoning.

4.1.3 Lesson 3: Exponents That Are Unit Fractions
1. Core Mathematical Concepts

To make sense of the expression 11%, we apply exponent rules to it. Squaring 113 yields (11%)2 = 1122 =

11' = 11, which means that 113 must be equal to v/11. In general, if a is any positive number, then as = +/a
1

and a3 = /a. Expressions that involve the v symbol are referred to as radical expressions.

» Concept Check — Lesson 3 Practice

1. Use the exponent rules and your understanding of roots to find the exact value of:
(a) 252
(b) 83

2. Match each exponential expression to an equivalent expression:
(a) 72 2.72 3.73

1
Options: V7, 10 V7

4.1.4 Lesson 4: Positive Rational Exponents
1. Core Mathematical Concepts

Using exponent rules, fractional exponents can be analyzed as powers of roots or roots of powers. For
5 1 1 5

example, 37 can be interpreted as (3°)7 or (37)°, which means that 37 = v/35 = (v/3)°. Since 3° = 243, we

could also write this expression as v/243.
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» Concept Check — Lesson 4 Practice

1. Evaluate 83 completely without using a calculator.
2. Select all expressions that are equal to 643

(a) 96 B.8 C.512 D.42 E. V64 F. {64

4.1.5 Lesson 5: Negative Rational Exponents
1. Core Mathematical Concepts

When we have a number with a negative exponent, it means we need to find the reciprocal of the number

with the exponent that has the same magnitude, but is positive. This rule extends directly to fractional

6
exponents, such as 7% = & and 775 = .

7 78

» Concept Check — Lesson 5 Practice

1. Write the complex numerical expression 3275 without using exponents or radicals.
2. Write each radical expression in the form a® without using any radicals:

() V57 (b)

V12
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4.2 Section B: Solving Equations with Square and Cube Roots

This section explores the algebraic and graphical properties of radical equations, analyzing the conditions
that produce unique solutions, multiple solutions, or extraneous solutions when squaring or cubing both sides
of an equation.

4.2.1 Lesson 6: Squares and Square Roots
1. Core Mathematical Concepts

To avoid confusion, we use the mathematical convention that the radical symbol y/a represents a single
positive number (when a is positive). This precise definition allows us to clearly distinguish between power
equations and radical equations: the equation z? = a has two distinct solutions (y/a and —/a), whereas the
radical equation \/x = a yields only one unique solution. Consequently, an equation like y/z = —11 has no
real solutions because a positive principal value cannot equal a negative number.

» Concept Check — Lesson 6 Practice

1. Find the exact real solution(s) to each of the following equations, if any exist:
(a) 22 =9
(b) Vo =3
(c) v3=-3
2. Select all real solutions to the quadratic equation z? = 7:
(a) V7 B. -7 C.49 D. 49

4.2.2 Lesson 7: Inequivalent Equations?
1. Core Mathematical Concepts

Whenever we have a square root in an equation, we can isolate the radical expression and square each
side to eliminate the radical component. However, squaring both sides can alter the logic of the equation,
creating a new equation that has solutions the original setup does not have. These are known as extraneous
solutions. For instance, squaring v/t = —6 yields t = 36, but ¢t = 36 fails the original equation because
V/36 + 6 # 0. Therefore, it is mandatory to always verify all final results in the original equation.
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» Concept Check — Lesson 7 Practice

1. Find the exact real solution(s) to each radical equation, or explain why no solution exists:
(a) Ve +4+7=5
(b) VAT —z—2=4

2. Review the algebraic steps Noah executed to solve the equation 5z2 = 45:

512 =45 = 2°=9 = =3

State whether you agree with Noah’s final solution set, and explain your reasoning based on
quadratic mapping.

4.2.3 Lesson 8: Cubes and Cube Roots

1. Core Mathematical Concepts

Every real number has exactly one unique cube root. Looking at the cubic graph y = 3, any horizontal

line y = a intersects the curve in exactly one place, meaning the equation z® = a always has exactly one
solution, /a. Unlike squaring, cubing each side of an equation preserves structural equivalence and will not
introduce extraneous solutions. However, checking solutions remains highly recommended to catch basic
arithmetic mistakes.

» Concept Check — Lesson 8 Practice

1. Determine the exact real solution to the following cubic power equation:
z® = —125

(a) 5 B. -5 C.bothb5and -5 D. The equation has no solutions.
2. Use the algebraic meaning of cube roots to isolate z and state the exact solution to <z = —4.

4.2.4 Lesson 9: Solving Radical Equations
1. Core Mathematical Concepts

Geometric systems involving areas often relate to two dimensions multiplied together (s?), while volumes of
regular solids relate to three dimensions multiplied together (s®). When solving radical equations containing
a variable, the standard algebraic routine is to completely isolate the radical term on one side, and then
raise each side of the equation to the matching power (power of 2 for square roots, power of 3 for cube roots)
to dissolve the radical.
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» Concept Check — Lesson 9 Practice

1. The volume V of a regular tetrahedron with side length s is mathematically modeled by the
formula:

1 3
V= 6_\/§ -8
(a) Solve this formula for s to express the side length strictly in terms of the volume V.
(b) If a specific regular tetrahedron has a volume of 18v/2 cm?, calculate the exact length of its
sides.
2. Solve the following radical equations mentally using logical reasoning:
(a) YT =1
(b) Vz+1=-5
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4.3 Section C: A New Kind of Number

This section introduces the foundational definition of the imaginary unit ¢, expands the real number line
into a two-dimensional complex plane, and establishes the structural arithmetic of complex number addition,
subtraction, and multiplication.

4.3.1 Lesson 10: A New Kind of Number
1. Core Mathematical Concepts

All real numbers are either positive, negative, or zero, and squaring a real number never results in a negative
number. Consequently, foundational quadratic equations like 22 = —1 do not have any real number solutions.
To resolve this limitation, mathematicians invented a new number as a solution to 22 = —1. We initially
represent this value as /—1 and plot it exactly one unit vertically above 0, establishing a perpendicular axis
known as the imaginary number line.

» Concept Check — Lesson 10 Practice

1. Plot each of the following numbers on a coordinate system, or write a clear explanation detailing
why the specific value cannot be placed on the real number line:
(a) V4
(b) V-4
(c) —v8
(d) V-8
2. Use your understanding of real number squares and horizontal graph alignments to explain why
the quadratic expression (x — 4)2 = —9 has zero real solutions.

4.3.2 Lesson 11: Introducing the Number i
1. Core Mathematical Concepts

The principal square roots of —1 are defined globally using the unit variable i, such that 2 = —1. Every
negative real number possesses two imaginary square roots: y/ai and —y/ai (where a > 0). Together, the
horizontal real axis and the vertical imaginary axis intersect at 0 to span the complex plane. Combining
a real number and an imaginary number yields a single complex number a + bi, mapped as a single point
(a,b) within this coordinate system.
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» Concept Check — Lesson 11 Practice

1. Convert the following radical expressions involving negative radicands into standard imaginary
notation using the unit number 7:
(a) v/—36
(b) —v/~100
(c) V=17
2. Match each exponential or distributed imaginary expression to its equivalent structural value:
(a) 2i-8i
(b) (2i)*
(c) 1643
Options: — 16, 16, —16:

3. Determine which coordinate position in the complex plane represents the complex number —3 + 2i:
(a) Point A B. Point B C. Point C  D. Point D

,
\

4.3.3 Lesson 12: Arithmetic with Complex Numbers
1. Core Mathematical Concepts

A complex number is conventionally written in standard form as a 4 bi, where a is explicitly designated as
the real part and b is designated as the imaginary part. To add or subtract two complex numbers, we
execute operations on matching components: algebraically combining the real parts together, and combining
the imaginary parts together.

Complex System Vector Arithmetic Laws

For all real constants a, b, ¢, and d:
Addition: (a4 bi) + (c+di) = (a+c¢) + (b+ d)i

Subtraction: (a + bi) — (c+di) = (a —¢) + (b — d)i

r
.

» Concept Check — Lesson 12 Practice

1. Perform the specified vector calculation on the expression and isolate your answer in standard
form:

(3+9i) — (5 — 30)

2. Simplify the expression (44)® into a single component of the form a + bi by grouping the i factors

and evaluating via i2 = —1.
3. State the explicit parameters for a and b when you express the radical /—16 in standard complex
form.

,
\
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4.3.4 Lesson 13: Multiplying Complex Numbers
1. Core Mathematical Concepts

Complex numbers are multiplied systematically by invoking the distributive property (expanding the bi-
nomial products) and then applying the foundational identity 2 = —1 to compress the product back into
standard form.

» Concept Check — Lesson 13 Practice

1. Multiply the following complex terms and write each resulting product in standard a + b¢ form:
(a) (8+1)(—5+ 3i)
(b) (34 2¢)(3 —2i)

2. Select the correct structural expression that is perfectly equivalent to the distributed term 2i(5+3i):
(a) —=6+10: B.6+10i C.-10+6i D. 10+ 67

4.3.5 Lesson 14: More Arithmetic with Complex Numbers
1. Core Mathematical Concepts

The successive integer powers of the imaginary unit ¢ display a fixed, cyclic pattern of four repeating
structural outputs (1,4, —1, —i). Maintaining careful management of signs is highly critical during multi-step
reductions, particularly distinguishing the properties of i2 = —1 from expressions involving —i? = —(—1) = 1.

» Concept Check — Lesson 14 Practice

1. Leverage the cyclic pattern of imaginary powers to evaluate and simplify each high power expression
into standard a + bi form:

(a) i38
(b) 7;100

2. Match the equivalent complex numerical operations:
(a) —4i-5i

(b) (3+5¢) — (10 + 4i)
(¢) (2+4i)(2 —4i)
Options: 20, —-74+4, 20

4.3.6 Lesson 15: Working Backward
1. Core Mathematical Concepts

Whenever two complex numbers are multiplied together, the real and imaginary parts of the final result are
uniquely dictated by a rigorous structural composition law:

(a + bi)(c+ di) = (ac — bd) + (ad + bc)i

By setting up algebraic systems that equate these matching structural blocks, we can work backward to find
unknown coefficients or dynamically determine parameter boundaries.
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» Concept Check — Lesson 15 Practice

1. Consider the target subtraction operation: (10 + 4i) — (x + yi) = C.

(a) If output C is strictly constrained to be a purely real number, what real values are permitted
to go into the blank for y?

(b) If output C is strictly constrained to be a purely imaginary number, what real values are
permitted to go into the blank for x7
2. Without evaluating or performing full binomial distribution on the left side of the expression,
look closely at the structural components of the terms to explain why the following equation is
immediately known to be false:

(—9 + 24)(10 — 138) = —68 — 97i
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4.4 Section D: Solving Quadratics with Complex Numbers

This final section integrates the complex number system with quadratic equations, utilizing completing
the square and the quadratic formula to solve equations with negative discriminants, while connecting non-
real complex roots to their geometric representations.

4.4.1 Lesson 16: Solving Quadratics
1. Core Mathematical Concepts

Quadratic equations can be solved using various algebraic strategies, including factoring, completing the

square, or applying the quadratic formula: z = =bEvbi—dac W. Completing the square is a foundational
technique that transforms a quadratic expression into an equivalent perfect square trinomial format, (x +
n)? = 22 4 2nx + n?, by adding a specific constant value based on the linear coefficient.

» Concept Check — Lesson 16 Practice

1. Solve each of the following quadratic equations using an algebraic method of your choice. Show
all your mathematical steps:
(a) 22 — 2z = -1
(b) 722 —2x —5=0
2. Determine what constant number should be added to the expression 2 — 15z to result in a perfect
square trinomial template:
(a) =75 B.75 C.-56.25 D.56.25

4.4.2 Lesson 17: Completing the Square and Complex Solutions
1. Core Mathematical Concepts

When completing the square on a quadratic equation with real coefficients, the process may rearrange the
equation into the structural form (x — h)? = —k (where k > 0). Because no real number can be squared to
yvield a negative value, this setup has zero real solutions. Instead, by introducing the imaginary unit i, it
yields two non-real complex solutions that are complex conjugates of each other: z = h + ivk.

» Concept Check — Lesson 17 Practice

1. Find all complex solutions to each quadratic equation by completing the square:
(a) 22 —8x +19=0

(b) 22 +4=0
2. Select the statement that perfectly describes the number and nature of the solutions to the equation
2
v+ 7=0:

(a) One unique real solution B. Two distinct real solutions  C. One non-real complex solution
D. Two distinct non-real complex solutions
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4.4.3 Lesson 18: The Quadratic Formula and Complex Solutions
1. Core Mathematical Concepts

The quadratic formula acts as a universal algebraic tool to extract roots from any standard quadratic
equation ax? 4 bx 4+ ¢ = 0. When the expression under the radical symbol, b? — 4ac, evaluates to a negative
value, the square root component results in an imaginary number. The final solutions are written in standard
form a + bi by dividing both the real and imaginary parts by the denominator 2a.

» Concept Check — Lesson 18 Practice

1. Solve the following quadratic equation over the complex number system using the quadratic for-
mula:
522 +24+10=0

2. Simplify each of the following expressions completely and write the final answers in standard a+ b:
form:

(a) 5:&:\3/—74
+/—1
(b) 10 \2/76

4.4.4 Lesson 19: Real and Non-Real Solutions
1. Core Mathematical Concepts

The real zeros of a quadratic function y = axz? + bz + ¢ correspond exactly to the z-coordinates where its
parabolic graph touches or crosses the horizontal z-axis. If the graph lies entirely above or below the z-axis,
it has no z-intercepts, meaning it has zero real solutions. Algebraically, the value b*> — 4ac is called the
discriminant. We can predict the geometric and algebraic outcomes without solving:

o If b2 — 4ac > 0, the graph has two z-intercepts and two distinct real solutions.

o If b? — 4ac = 0, the graph has one z-intercept (vertex) and one unique real solution.

o If b2 — 4ac < 0, the graph has zero z-intercepts and two distinct non-real complex solutions.

» Concept Check — Lesson 19 Practice

1. Without calculating the exact solutions, evaluate the discriminant to determine whether each
equation has real or non-real solutions:
(a) 22 -4z +7=0
(b) 222 -2z —1=0

2. Write a standard quadratic equation of the form ax? + bz + ¢ = 0 with real coefficients that is

guaranteed to have two non-real complex solutions. Explain the mathematical reasoning behind
your choice of coefficients.

84



Spring 2026 Algebra II Review

CLASS NOTES

Name: Date: Topic:

85



Spring 2026 Algebra II Review

CLASS NOTES

Name: Date: Topic:

86



Spring 2026 Algebra II Review

4.5 Section E: Quadratics, Rational Equations, and Complex Geometry
Supplement

This supplementary section presents an advanced analytical treatment of polynomial equations and gen-
eralized algebraic forms. It unifies foundational quadratic solution matrices with structural coefficients via
Vieta’s frameworks, details systemic constraints in non-linear domains requiring rigorous boundary analysis,
and extends the real number plane into the complex geometric horizon. By introducing the geometric syn-
thesis of complex numbers, trigonometric modeling, and Euler’s foundational identity, this section provides
the structural fluency necessary to solve multi-variable functional paradigms and dynamic systems.

4.5.1 Supplement 1: Quadratic Structures and Analytic Formula Derivations
1. Core Mathematical Concepts

A quadratic equation is a second-degree polynomial equation whose solution matrix can be resolved using
geometric structuring (completing the square), factoring grids (cross-multiplication), or algebraic formulas.
The properties of these roots are inherently linked to the structural coefficients of the equation.

The Canon of Quadratic Equations

For any quadratic equation defined in standard form as az? + bx + ¢ = 0 where a # 0:

1. The Discriminant (A): The algebraic indicator that determines the nature and multiplicity of
the roots across the real and complex fields:

A = b? — dac

e If A > 0: Two distinct real roots.
o If A =0: One real root with a multiplicity of 2 (a perfect square bounce point).
o If A < 0: Two distinct complex conjugate roots.
2. Vieta’s Formulas (Roots Sum and Product): The structural coefficients map directly to the
sum and product of the underlying roots (21 and z2) without requiring explicit calculation of the
roots themselves:

b c
T1+2x9=—— and x1-x9=—
a a

2. Classical Instructional Frameworks

o Analytical Derivation of the Quadratic Formula (Completing the Square Method): To
derive the universal formula from the standard algebraic state az? + bx + ¢ = 0:
1. Isolate the constant term and scale the system by the leading coefficient a:

2. Complete the square by adding the square of half the linear coefficient, (%)2 = ¥ to both sides

4a2°
of the identity:
9 b b? b2 c
T8+ -z + -
a

4a® " 4a®  a
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3. Compress the left-hand side into a squared binomial and find a common denominator for the

right-hand side:
n b\? b —dac
T+ —| =———
2a 4a?
4. Extract the algebraic square root across the boundary, preserving both operational directions:

b b2 —4
b D oy Ve

2a 2a
5. Isolate the final root variable x to achieve the classical formula:

. —b+ Vb2 —4ac

2a

» Concept Check — Supplement 1 Practice

1. A quadratic function matrix is defined as 322 — 5z — 2 = 0. Identify the correct valuation of its
discriminant (A) and the proper interpretation of its root behaviors:

A. A =1, yielding one real root of multiplicity 2.
B. A =49, yielding two distinct real roots.

C. A =-11, yielding two distinct complex conjugate roots.

2. Suppose a second-degree polynomial equation has two roots labeled z; and x5 that strictly satisfy
the baseline metrics x1 + x9 = 6 and x1 - x9 = 13.

(a) Construct the explicit quadratic equation in standard form (ax? + bz + ¢ = 0) matching these
conditions, assuming a leading coefficient of ¢ = 1.

(b) Deploy the quadratic formula to solve for the exact values of x; and z9, showcasing their
layout in the complex system.

(c) Calculate the numerical value of the expression 22 4 22 analytically using algebraic deforma-
tion, without evaluating the roots directly.

4.5.2 Supplement 2: Rational and Radical Equations with Bounded Domains
1. Core Mathematical Concepts

Solving advanced rational (fractional) or radical (irrational) expressions requires mapping algebraic trans-
formations onto explicit variable constraints. Because operations like squaring an equation or clearing
denominators can introduce non-equivalent solution pathways, validating the domain boundaries is critical
to eliminating extraneous solutions.
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Operational Constraints and Extraneous Safeguards

When manipulating advanced equation structures, researchers enforce specific domain restrictions:

1. Rational Equations: The domain must strictly exclude any value that forces a denominator to
equal zero. Any final root that violates this constraint is classified as an extraneous solution:

P(x)

For D(z)

=0, the domain constraint requires D(x) # 0

2. Radical Equations: In the real-number plane, an even-degree radical requires a non-negative
radicand. Furthermore, squaring both sides (1/f(z) = g(z) = f(z) = [g(2)]?) can create false
roots because sign orientation is lost during exponential scaling. Thus, a final verification loop
against the original statement is mandatory:

For \/f(x) = g(z), the operational domain requires f(z) > 0 and g(z) > 0

2. Classical Instructional Frameworks

e Deconstructing a Radical Extraneous Solution: Consider the radical matrix defined as v/x + 7 =
z+ 1.
An analyst establishes the structural domain boundaries: z +7 > 0 = x > —7, and the output
must be non-negative: x +1 >0 = x > —1. Combining these yields the unified domain constraint
[—1,00).
Squaring both sides eliminates the radical: z +7 = (z +1)2 = x4+ 7 = 22 + 22 + 1. Rearranging
into standard form yields: 2% + z — 6 = 0. Factoring via the cross-multiplication method produces:
(x 4+ 3)(x — 2) = 0, suggesting roots at x = —3 and = = 2.
Validation Audit: The root z = 2 lies inside the domain and satisfies the original equation (v/9 = 3).

However, = —3 falls outside the domain constraint, since evaluating it yields v4 = —2, which is
false. Thus, x = —3 is rejected as extraneous.
» Concept Check — Supplement 2 Practice
1. Solve the rational system matrix % — ﬁ = 1. Identify the correct evaluation of the root
distribution:

A. x = 2 is a valid real root, and x = 0 is extraneous.
B. x = 3 is the lone valid root; no extraneous points exist.

C. z = 2 is an extraneous solution, leaving the system with no valid real roots.

2. Consider the irrational radical configuration modeled by the expression 2z — v/z + 1 = 5.
(a) Isolate the radical term and state the formal algebraic inequality constraints that govern the
valid domain of this equation.
(b) Square both sides of the system to generate a standard quadratic form, and solve for all
prospective roots.
(c) Execute a comprehensive verification audit to identify, isolate, and justify the exclusion of
any extraneous elements.
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4.5.3 Supplement 3: The Geometric Representation of Complex Numbers and Euler’s
Synthesis

1. Core Mathematical Concepts

Complex numbers expand beyond a simple algebraic definition (a + bi) into a two-dimensional geometric
vector space on the Complex Plane (Argand Diagram). This structural transition links rectangular coordi-
nates to polar trigonometric configurations, culminating in Euler’s formula—the deep mathematical bridge
connecting exponential growth to rotational trigonometry.

Geometric Fields Polar Frameworks and Euler Extension

Let a complex value be mapped onto the complex plane where the horizontal axis tracks the Real
component (Re) and the vertical axis tracks the Imaginary component (Im):

1. Rectangular to Polar Coordinate Mapping: A complex point z = a + bi can be mapped
using its modulus r (absolute distance from the origin) and its argument 6 (rotational angle):

z =r(cosf +isinbh)

b
Where r = |z| = Va2 +b*> and tanf = o

2. Euler’s Infinite Series Identity [Extra Advanced Matrix|: Euler’s formula defines the
complex exponential function as a continuous orbital rotation along the unit circle:
e = cosf +isinf

This configuration yields the exponential polar form of any complex value: z = re'.

2. Classical Instructional Frameworks

e Analytical Derivation of Euler’s Formula via Taylor Series: To demonstrate why an imaginary
exponent traces a trigonometric path, we evaluate the infinite Maclaurin expansions centered at zero
for the functions e*, cos x, and sin z, substituting the imaginary input variable x = ¢0:

1. The foundational exponential expansion is written as:

SO g GOP 0 (0 (@0

| | | |
= n! 2! 3! 4! 5!
2. Evaluating powers of the imaginary unit (i> = —1,4% = —i,i* = 1,i° = i) allows us to simplify the
expansion:
< 2 6> ot 0
0 __ o v v v
e’ =1+410 o1 —1 a0 + i =

3. Grouping the independent real parameters away from the imaginary parameters yields:

4 0> ot 6 6
0 __ ; _
e —<1 7_+_4| ...)+Z((9 30 +5| )

4. Recognizing that the real group matches the Taylor series for cos # and the imaginary group matches
the series for sin @, we establish the proof:
e = cosf +isinf

Setting # = 7 yields the famous identity: €™ = cosm 4+ isinT = -1 +0 = €™ +1 = 0.
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» Concept Check — Supplement 3 Practice

1. A complex tracking coordinate is written algebraically as z = —1 + iv/3. Identify the correct
representation of this coordinate in polar trigonometric form:

A. z:2(cosg+isinf>

3

2 2
B.z2=2 — +4sin —
z (cos 3 + 7 sin 3)

5 5
C.z:4(cos§+isin%)

2. Consider a complex expression defined in exponential form as z = 4¢'7.
(a) Expand the exponential form into its polar trigonometric expression using Euler’s formula
template.
(b) Convert the parameters into standard rectangular form (a + bi) by evaluating the exact
trigonometric values for the angle 6 = 7.
(c) Prove that squaring this number (2?) results in a pure imaginary coordinate on the Argand
diagram, and justify this behavior using both exponential arithmetic and geometric rotation.
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